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We numerically investigate the dynamics of an SIR model with infection level-based lockdowns on
Small-World networks. Using a large-deviation approach, namely the Wang-Landau algorithm, we
study the distribution of the cumulative fraction of infected individuals. We are able to resolve the
density of states for values as low as 10−85. Hence, we measure the distribution on its full support
giving a complete characterization of this quantity. The lockdowns are implemented by severing a
certain fraction of the edges in the Small-World network, and are initiated and released at different
levels of infection, which are varied within this study. We observe points of non-analytical behaviour
for the pdf and discontinuous transitions for correlations with other quantities such as the maximum
fraction of infected and the duration of outbreaks. Further, empirical rate functions were calculated
for different system sizes, for which a convergence is clearly visible indicating that the large-deviation
principle is valid for the system with lockdowns.

I. INTRODUCTION

The spread of infectious diseases is a phenomenon of
great interest to many scientific fields [1–3] and the re-
cent outbreak of the SARS-CoV 2 pandemic has further
increased this interest [4–8].

The spreading of diseases can be modelled in a number
of ways, such as deterministically with differential equa-
tions in the mean-field version of the susceptible-infected-
recovered (SIR) model [9] or stochastically using methods
such as agent models [10–14]. A modelling more realistic
than the mean-field is the study of the dynamics on net-
works [2, 15–19]. Such methods can become arbitrarily
complicated, such as layers of networks which represent
different situations of contact [20] or a time dependent
network topology [21].

In response to the SARS-CoV 2 pandemic, many gov-
ernmental bodies imposed interventions to impede the
spread of the disease [22]. Thus, it has become rather
fashionable to study the effect of disease prevention
methods [12, 13, 16, 23–27].

Historically, great victories in the prevention of dis-
ease spread have been achieved through the distribution
of vaccines [28]. Therefore it makes sense to include vac-
cines in the modelling [29].

However, the development and especially the approval
of such pharmaceuticals can take a considerably long
time [30–32]. Consequently, the initial measures used
to impede the spread of a previously unknown disease
are so-called non-pharmaceutical methods [33]. These
include the wearing of face-masks in order to reduce the
probability that a personal contact results in the spread
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of the disease, which may be modelled by reducing the
transmission rate (or probability) dynamically [24].

Another important intervention is the imposition of
lockdowns. The idea is to greatly reduce the frequency of
the contacts themselves. This can be modelled by reduc-
ing the transmission rate [23] in mean-field and stochastic
models, or by restricting the motion of walkers in agent
based models [12, 13]. Network based models will typi-
cally model lockdowns through the removal or rewiring
of edges [15–19].

In this work we are interested in the impact of lock-
downs on the distribution of the cumulative fraction C of
infected individuals. In order to characterize C compre-
hensively, i.e., obtain the probability distribution func-
tion (pdf) over its full support, we extend the previous
work on the large-deviation behaviour of SIR on networks
[34] by the inclusion of lockdowns. To our knowledge, no
results are available in the literature in this regard. For
this reason we keep the model relatively simple, i.e., we
simulate a SIR model on networks from the Small-World
ensemble [35, 36].

Technically, we employ established large-deviation
techniques [37–39]. Note that standard Monte Carlo
sampling only allows access to the most probable, i.e.,
typical regions. Instead, by using a combination of the
Wang-Landau algorithm [40] and entropic sampling [41]
we are able to access the complete pdf of C which exhibits
probability densities as low as 10−85. Furthermore, we
calculate the empirical rate functions and verify whether
the large-deviation principle holds [42–44]. Beyond the
mere knowledge of P (C), having access also to the low-
probability part allows us to comprehensively study cor-
relations between different quantities to characterise the
disease outbreaks.

This paper is ordered as follows: firstly, we recall the
SIR model and introduce the extension we use to model
the lockdowns. The parameters of interest are discussed
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and the quantities we measure are defined. Secondly,
we discuss the ensemble of networks used. In Sec. IV,
we present the implementation of the simulation with
the large-deviation methods. Next the results of typical
Monte Carlo simulations that were used to find interest-
ing points in the parameter space are shown. For these
points, we put forth the pdfs of the fraction of cumula-
tive fraction C of infected and follow with characterizing
correlations pertaining to the disease-spread trajectories.
We conclude with a summary and discuss possible future
directions.

II. MODEL

The basic dynamics of the disease spread are defined
as follows: Each of the N nodes in a connected network
is assigned to one of the three states susceptible (S), in-
fected (I) and recovered (R). Here, our outbreak simu-
lations begin at τ = 0 with five randomly chosen nodes
assigned the infected state, while all other nodes are set
to susceptible. Note that one could also start with one
single initially infected, but that would just increase the
fraction of diseases which quickly die out, which is not
very interesting.

The states undergo a dynamical evolution at discrete
times. For each each time step τ , let Ai be the number
of infected neighbors of node i. If node i is susceptible it
will become infected at time τ + 1 with the probability

λi = 1− (1− λ)Ai , (1)

where λ > 0 is the transmission probability that a given
infected neighbour transmits the disease to i. This is
done for all susceptible nodes. Next, we iterate over all
infected nodes that were not just infected in this time
step and let each of them recover at time τ + 1 with the
recovery probability µ > 0. These actions are repeated
for time steps τ → τ + 1 until no infected nodes remain.

Let s(τ), i(τ) and r(τ) be the fractions of suscepti-
ble, infected and recovered nodes, respectively, at time
τ . Further, let the cumulative fraction of the infected be
c(τ) = i(τ) + r(τ). The global properties of an outbreak
can be described by the final value of this quantity, i.e.,

C = lim
τ→∞

(i(τ) + r(τ)) ≡ r(τ =∞), (2)

i.e., the total fraction of nodes that were infected at any
time during the propagation.

The primary difference with the previous model is the
incorporation of lockdowns: Once i(τ) reaches a thresh-
old θl, i.e., once i(τ) ≥ θl, the disease does not continue
to propagate on the original graph but on the locked-
down graph instead. This is a subgraph of the original
one and is obtained by randomly removing edges until a
specified fraction η (that we shall refer to as the severity
henceforth) of edges have been removed. Any lockdown

can be lifted: should the infection level i(τ) then fall be-
low a second threshold θr < θl, the lockdown is released
and the disease can propagate on the original network
again. Note that the system, as in reality, may cycle in
and out of lockdowns with multiple infection waves, until
the propagation stops when the last node recovers. Note
that the locked-down graph is calculated once per out-
break, i.e., at time τ = 0, so subsequent lockdowns have
the same underlying topology. One the other hand, when
we average over multiple runs a new locked-down graph
is always created.

III. ENSEMBLE

We investigated Small-World ensembles [35], since real
contact-networks between individuals have been observed
to be modelled well by highly connected Small-World-
esque networks [36].

Technically, we initialise the graph with N nodes in a
ring structure, i.e., each node i is first connected to its
two subsequent neighbors {i, (i + 1 mod N)}, {i, (i + 2
mod N)}. Each edge {i, j} is then rewired with proba-
bility p to a random node j′ resulting in the edge {i, j′}.
These so-called long-range edges introduce the Small-
World characteristics of the network. We use p = 0.1
in this work. Should the resulting network be not con-
nected, i.e., some nodes cannot be reached from others,
we scrap the network and start the generation process
afresh until a connected network is produced.

IV. ALGORITHMS

A. Outbreak Simulation

To allow the sampling of very small probabilities using
the large-deviation techniques, a method of manipulating
the randomness of the disease outbreaks in a controlled
manner is required. For a detailed explanation we refer to
a previous publication [34] and just discuss the extension
and main idea of the method here.

During a standard simulation the random numbers re-
quired to decide whether nodes should become recovered
or infected are drawn on demand, usually by calling a
pseudo random number generator. Nothing prevents one,
however, from drawing these random numbers before-
hand and storing them into, here, two random number
vectors ξλ and ξµ, such that for each time step τ and node
i there is a corresponding entry in the vectors. Note that
we require an estimate of the maximum number of time
steps τmax that the outbreak is going to last for choos-
ing an appropriate length of these vectors. This will be
discussed further in Sec. V C.

Additionally we store a vector ξη containing all the
edges of the investigated graph in randomized order. Let
l be the total number of edges in the graph, i.e., the
length of the vector ξη. Then the pivot point θη =
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l(1− η), where η is the fraction of edges affected by the
lockdown, can be used to create the locked-down graph
by using the first θη edges of the vector. A list ξP which
contains the five initial infected nodes is also maintained.

Thus the outbreak and all measurable quantities are
now deterministic functions of the randomness state Ξ =
(ξλ, ξµ, ξη, ξP ).

B. Large-Deviation Sampling

Our goal is calculating the complete probability distri-
butions P (E), where E is some measurable quantity of
our state Ξ, such as C in our case, for a given network and
specified parameters. For this purpose we have to employ
methods more advanced than typical-event sampling to
access states of particularly low probability in numerical
simulations. Here, we use a large-deviation algorithm,
employing a Markov chain Monte Carlo simulation [45]
of states given by the random numbers Ξ. The Markov
chain Ξ(0) → Ξ(1) → . . . evolves by performing small
changes to the given state Ξ(t). The used Markov moves,
which we have specifically tailored to our model, are now
discussed.

With a probability of 1%, a lockdown move is per-
formed. First we decide how many edges we want to
change by drawing a random integer between 1 and 15.
For each edge we want to change we then randomly
and uniformly choose an index i ∈ [0, .., θη) and j ∈
[θη, .., l − 1] and swap the respective edges ξη[i]↔ ξη[j].

With probability 1% a rotation is performed. The el-
ements of ξλ and ξµ are shifted by N elements to the
right (50%) or to the left (50%) with periodic boundary
conditions. This approximately reflects a shift of the tra-
jectory by one time-step in either direction. Note that
this can be done very efficiently by not actually shifting
the vectors in RAM but storing the offset instead.

With probability 7% a patient move is performed.
There are two types of patient moves. With a proba-
bility of 3/7 a random patient move is performed, where
one of the entries of ξP is redrawn by uniformly drawing
a new node as initial patient. Note that duplicates are
not allowed in ξP . Otherwise, i.e., with probability 4/7 a
neighbour patient move is performed. One of the initial
infected nodes is chosen randomly. Next one neighbour
is chosen, each with probability 1/D, where D is the
maximum degree of the (not-locked-down) network. It
is worth mentioning that for nodes that have less than
D neighbors not choosing any neighbour is also possible.
This ensure detailed balance, and thus, in the long-time
limit, all nodes are selected as being infected at the begin
of the outbreak with the same probability.

With the remaining probability of 92%, a standard
move is performed, i.e., changes are made to the val-
ues of the elements of ξλ and ξµ. Typically, with in 99%
of all standard-move cases, this is done as follows: One
of the vectors ξλ and ξµ is chosen, and a random index
k and a random number χ ∈ [0, 1] is drawn uniformly to

set ξ[k] = χ. This choice of the vector and corresponding
re-drawing of the random number is repeated B times.
The choice of B does not determine the correctness of the
algorithm, but rather the efficiency. The convention is to
choose B such that roughly ∼ 50% of trial configurations
are accepted.

For the remaining 1% cases of standard moves, the ran-
dom numbers corresponding to the infection and recovery
of the initial infected as well as their immediate neigh-
bours at τ = 0 are all re-drawn uniformly from [0, 1].
We observed that this strong special move improved the
convergence of the Wang-Landau simulation. Since all of
the random numbers are uniformly drawn, these moves
do not skew any of the underlying statistics.

The probability density functions (pdfs) are then cal-
culated using the 1/t Wang-Landau algorithm [46, 47],
which is a variant of the original Wang-Landau algorithm
[40], that does not suffer from the error-saturation prob-
lem of the original algorithm [48, 49].

The basic idea is to initialise a non-normalised prob-
ability density estimate P (C) = 1 ∀C. Then the a
Markov-step is performed to generate a trial configura-
tion Ξ′ from the current configuration Ξ(t). The con-
figurations correspond to the cumulative number of in-
fections C ′ = C(Ξ′) and C(t) = C(Ξ(t)) respectively.
They are used in the Metropolis-Hastings probability
min{1, P (C(t))/P (C ′)} to decide whether the trial con-
figuration should be accepted, i.e., Ξ(t+1) = Ξ′ or re-
jected, i.e., Ξ(t+1) = Ξ(t). A multiplicative factor f > 1
is then used to update the distribution estimate, i.e.,
P (C(t+1)) = fP (C(t+1)), all other entries, i.e., for C 6=
C(t+1), are not changed. The factor f is iteratively re-
duced towards 1 following some schedule and the pdf
estimate converges to the sought-after density function
and just needs to be normalised in the end by demand-

ing
∫ 1

0
P (C) dC = 1.

One can split the support of P (C), i.e., interval of al-
lowed values of C, into multiple overlapping smaller in-
tervals and perform an independent simulation for each.
This speeds up the simulation [50, 51]. In the end one
merges the obtained pdfs, using the fact that the pdfs
have to match in the overlapping regions, at least within
statistical fluctuations [38, 40].

In this case, however, some sampling issues were en-
countered around a non-analytic point (“kink”) in the
distribution when using multiple sampling intervals. This
can be circumvented by making sure the kink is far from
the interval boundaries, but we mostly opted to just use
one interval for the entire range and let the simulation
run longer. Only for N = 6400, where a single inter-
val required too much time for our taste, we used more
intervals, six to be precise, and applied sampling us-
ing Replica-Exchange-Wang-Landau [40, 52–54], which is
similar to the described Wang-Landau algorithm but pe-
riodically tries to exchange configurations between over-
lapping intervals, hence the name Replica-Exchange.

The pdfs were refined using entropic sampling [41], for
details see Ref. [34].



4

V. SIMPLE SAMPLING

In order to determine the points of interest in param-
eter space of the outbreak simulations, we perform some
standard Monte Carlo simulations aiming at typical out-
breaks before running the large-deviation simulations.

A. Transmission and Recovery Probabilities

We want to study the behaviour of the model subject
to lockdowns, so to obtain non-trivial results one should
choose the parameters in such a way that the model
would be in the pandemic phase if the lockdowns were
absent. Working in discrete time, the parameters relat-
ing to disease spread are probabilities rather than rates
as in the typical continuous time compartmental models.
Following the previous work [34] of two of us, we set the
recovery probability µ = 0.14. The actual value is rather
arbitrary and basically sets the time scale. What remains
then is to choose the transmission probability. For the
starting conditions with five initially infected individuals,
we measured the epidemic threshold, without lockdowns,
in the usual way by finding the value of λ which max-
imises the variance of C. We consider increasing system
sizes N and perform a finite-size scaling analysis. This
gives a critical transmission λc(∞) = 0.1186(5). Thus,
we choose λ = 0.2, which comfortably places the system
in the epidemic phase.

B. Lockdown Parameters

Having chosen our parameters pertaining to the spread
of the disease itself, we need to choose the parameters
governing the lockdown.

When activating the lockdown, a fraction η of edges,
is blocked, i.e., removed. The lockdown should have
a notable effect, so a natural choice is to thin out the
edges to the percolation threshold [55] characteristic for
the present Small-World ensemble. Clearly, one could
also consider to remove a smaller number of edges, which
would change the behaviour only slightly. Given the high
numerical effort required, however, we concentrate on the
case where the lockdowns have the highest effect. Via
finite-size scaling we measured the percolation threshold
to be ηc = 0.586(1), which is consistent with previous
results [56]. Thus, we used this value for the severity η.

As for the lockdown threshold θl, which states the frac-
tion of infected individuals above which the lockdown is
activated, and the corresponding release threshold θr, we
have chosen to typically use, unless stated otherwise, a
constant ratio θl = 8θr.

Using these choices, we measured the average cumula-
tive fraction C̄ of infected as a function of θl for increasing
system sizes. Each data point is averaged over 100,000
networks. Errors are calculated using bootstrap resam-
pling [57]. An example of such a behaviour for N = 3200

is shown on Fig. 1. Results for other system sizes look
similar.
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FIG. 1. The average cumulative fraction of infected C̄ as a
function of the lockdown threshold θl = 8θr forN = 3200, η =
0.586, µ = 0.14, λ = 0.2. The inset shows the variance. Error
bars are smaller than symbol sizes and therefore omitted. The
dashed vertical lines indicate the points of interest, namely (in
order) θl ∈ {0.0588, 0.0692, 0.0955, 0.1460, 0.1683}.

Intuitively, increasing the lockdown threshold will in-
crease the cumulative fraction C of infected. In particu-
lar, locking down too late can be seen to have no effect
in containing the disease, which also makes sense as the
lockdown threshold needs to be reached for the lockdown
to have any effect. Still, the behaviour is more complex,
as we discuss next.

First, note that the presented result is obtained at the
maximum resolution with respect to the possible val-
ues of θl, i.e., with increment 1/N . Since the release-
threshold is at one-eighth the lockdown-threshold, the
release threshold only changes in every eighth data point,
due to the integer nature of the measured quantities, giv-
ing rise to the apparent discontinuities in the early part
of the curve.

Clearly, for small lockdown thresholds the lockdown is
able to greatly contain and slow down the disease. Here,
increasing the threshold leads to an increasing number of
infections, giving rise to a peak in the variance, see inset
of Fig. 1, around θl = 0.02 indicating the transition to
the epidemic phase.

Interesting behaviour emerges as the lockdown thresh-
old is further increased past θl = 0.05. In contrast
to the simple second order phase-transition behaviour
when increasing λ in the no-lockdown case [34], increas-
ing the lockdown threshold gives rise to rather peculiar
behaviour, with notable maximum-minimum pairs in the
C̄(θl) curve. The positions of these pairs are of interest,
and are determined by fitting a Gaussian or a log-normal
function to C̄ near these points. Such pairs are seen for
θl = 0.0588 and 0.0692, as well as 0.0955 and 0.1460.
The emergence of these extreme points are most easily
rationalised by looking at the infection trajectories. In
Fig. 2 we show 1,000 such curves c(τ), as well as the cor-
responding i(τ) curves, for each 0.0955 and 0.1460.
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FIG. 2. Fraction of cumulative fraction c of infected as a func-
tion of time τ for two different lockdown strategies. The inset
shows the corresponding infected nodes i(τ) as a function of
time. Both plots display 1, 000 curves for both strategies,
with a random curve singled out for clarity.

It can be seen that the lockdown is triggered once in
both cases. After the lockdown is lifted, the infection
curves both show a notable second wave of infections. In-
terestingly C reaches a higher final value for θl = 0.0955
even though i(τ) peaks at a higher value for θl = 0.146.
This is due to the fact that an earlier lockdown ensures a
larger proportion of the population is susceptible in the
second wave, and hence the disease can spread to more
nodes. This can be seen from the c(τ) curves, where the
earlier lockdown leads to a larger cumulative number of
infected nodes in the long-run.

Also note the second peak in the variance around 0.17.
This is the transition from the lockdown having some
effect at containing the disease to having no effect at all.

We want to address these parameter-space regions
within the large-deviation simulations later on. To obtain
precise limiting values of θl for the first and second peak
of the variance, we also performed finite-size scaling. For
this purpose, we defined the finite-size transition points
in the usual way as the peak locations of the variance
σ2(θl). We measured their positions by fitting Gaussian-
shaped functions around the maxima. Fig. 3 shows the
position of these maxima in σ2 as a function of system
size. The main plot corresponds to the thresholds of the
second peak in σ2, while the inset corresponds to the
first peak. To actually perform the finite-size scaling,
the function

θcl (N) = θcl (∞) + aN−b (3)

is fitted to the positions of the second maxima, as shown
in Fig. 3, giving a value θcl (∞) = 0.1683(5) for the critical
threshold. The other parameters are found to be a =
0.47(15) and b = 0.52(5).

The positions of the variance maxima corresponding to
the initial transition are shown on the inset of Fig. 3 as a
function of system size. The data is nicely linear on a log-
log scale, indicating that here the model follows Eq. (3)
with θcl (∞) = 0. The other parameters are found to be
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FIG. 3. Critical thresholds θcl for η = 0.586, µ = 0.14, λ = 0.2
over the network size N . The main plot shows those θcl corre-
sponding to the transition to the lockdown being ineffective,
i.e., the final peak in the variance on Fig. 1. The inset shows
those θcl corresponding to the transition from the lockdown
completely containing the disease, i.e., the first peak in the
variance in Fig. 1, on a logarithmic scale.

a = 12.0(5) and b = 0.778(5). Thus, this measurement
predicts that the threshold capable of completely con-
taining the outbreak is zero for an infinitely-sized system.
We rationalise this by considering the long-range links of
the Small-World network. With the system nicely in the
pandemic phase with λ = 0.2 > 0.1186, the long range
links of the Small-World network allow the disease to
spread rather quickly from the beginning to all regions
of the network. For this reason, the spread could only be
prevented in the thermodynamic limit N →∞ if the sys-
tem was already in lockdown when the initial five nodes
are infected, i.e., θl = 0 .

C. Disease Duration

The employed large-deviation algorithm requires a
good estimate of the length of the disease outbreak, be-
cause this determines the amount of random numbers
that need to be controlled by the Markov chain. If the
duration was chosen to short it would result in too many
unfinished outbreak dynamics which in turn would lead
to underestimated values of C. This would lead to a
skewed and incorrectly measured density of states. For
this reason, before we set up the large-deviation simu-
lations, we investigated the life-span of the disease for
various system sizes using standard Monte Carlo sam-
pling.

For each considered parameter set (N, θl, θr), we mea-
sured the time τ it took until i(τ) = 0 was reached. We
did this for 100, 000 networks, respectively, measuring
one disease outbreak dynamics each time. From this raw
data, we extracted the time at which 98% of the out-
breaks are completed, which we denote by τ98(N, θl, θr).
This value is plotted as a function of θl = 8θr for four
different system sizes in Fig. 4.
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FIG. 4. The duration τ98 until 98% of the outbreak simula-
tions reach completion. Note the discontinuities on the left,
which are explained in the same manner as those in Fig. 1.

This data is used to decide the duration of the large-
deviation simulations as follows. For a given parame-
ter set (N, θl, θr), we use a maximum time of τmax =
gτ98(N, θl, θr), where g ∈ [2.7, 3.0] is a factor that we
chose on a case by case basis.

Our results presented below show that we are able to
sample the distribution P (C) up to a value of C = 1, i.e.,
including the cases where all nodes are infected. This im-
plies that the chosen time τmax is actually large enough.
Note that we kept track of the duration of the outbreaks
encountered during the large-deviation simulations and
counted how often the simulations were not finished when
we ran out of numbers. From this we could calculate the
frequency f 6= of observing unfinished outbreaks. For the
vast majority of simulations this frequency was f6= = 0,
i.e., the simulations were long enough. The worst simu-
lation exhibited a frequency of f6= = 10−5, which we still
deemed small enough.

VI. RESULTS

We now present the distributions of the cumulative
fraction C of infected, using the large-deviation methods.
We firstly show the pdfs P (C). We consider the study of
the system using large-deviations for the dynamics on a
single network. This lack of averaging over networks can
be justified because in a real-life scenario the contact-
network is given, and it is typical. Considering only one,
rather large, network per simulation also corresponds to
assuming self-averaging. Hence we do not consider rare
events that occur due to rare networks.

The pdfs are obtained using Wang Landau algorithms
and refined with entropic sampling, as explained in
Sec. IV B. Note that all of the results presented below
use η = 0.586, λ = 0.2 and µ = 0.14.

A. Probability Density Functions around the
Transition of Lockdown Effectiveness

Firstly, we observe the pdfs for increasing system size
for a lockdown threshold θl = 8θr = 0.1683. For system
sizes below (and including) N = 1600, we sample the
histograms at the highest possible resolution, i.e., with a
bin-size of 1/N . For larger system sizes, we increase the
bin-size to 2/N for computational efficiency. The proba-
bility densities P (C) for a few system sizes are shown in
Fig. 5.
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FIG. 5. Probability density of the cumulative fraction of
infected for several system sizes with θl = 8θr = 0.1683,
η = 0.586, λ = 0.2 and µ = 0.14. The main plot shows the
distributions on logarithmic scale, whereas the inset shows
the distributions on a linear scale. The system sizes used are
N ∈ {1100, 1600, 2400, 3200, 6400}. The results from stan-
dard Monte Carlo sampling are also included for N = 1100
and 6400 with contrasting colour, showing good agreement in
the regimes which are accessible by such simple sampling.

We are able to calculate probabilities as low as 10−85 in
the case of N = 6400. For this system size, we needed to
calculated C roughly 109 times during the large-deviation
simulation. Thus, standard Monte Carlo sampling, ad-
dressing typical outbreaks, would only resolve probabili-
ties of order ∼ 10−9, as shown in the plot where we also
included typical sampling with this sample size. In the
range accessible by typical-event sampling we see a good
agreement with the large-deviation data.

The distributions displayed in Fig. 5 exhibit three
peaks. One around C ≈ 0, where the disease quickly
dies out, and two for high C. This pair of peaks ap-
pears, as we are right at the transition (variance peak on
Fig. 1) controlled by lockdown effectiveness η in parame-
ter space. The system exhibits the highest probabilities
for a somehow reduced epidemic with C ≈ 0.6 and for an
unaffected spread with a peak around C ≈ 0.8.

Notable are also the seemingly non-differentiable
points around C ≈ 0.35 in the pdfs. Investigation of the
disease trajectories revealed this to be the point where
at least one lockdown takes place almost for sure. This
will be discussed in the next section where the number
lockdowns as a function of C is also presented.
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Further, we connect our model to large-deviation the-
ory by calculating the empirical rate functions [42, 44],
defined as

Φ(C) = − lnP (C)

N
+ Φ0, (4)

where Φ0 is a shift that ensures each of the Φ(C) have
their minimum at Φ = 0.

The obtained rate functions are displayed in Fig. 6. A
convergence with increasing system size is visible, indi-
cating that the large-deviation-principle indeed holds for
this model.
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0.015

0.020
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0.030
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Φ
(C

)
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N = 1600
N = 2200
N = 3200
N = 6400

FIG. 6. The empirical rate functions Φ(C) for N ∈
{1100, 1600, 2400, 3200, 6400} with θl = 8θr = 0.1683 and the
other parameters at their default values.

The previous work without lockdowns [34] found this
to also be the case, and clearly the lockdowns retain this
behaviour. Therefore, the pdfs are given to first order
by P (C) ∝ exp {−NΦ(C) + o(N)} with o(N) some sub-
linear term. Hence, one could potentially make analytical
process in regards to P (C) through application of the
Gärtner-Ellis theorem [42–44, 58], at least in the region
of the convex envelope and where the rate function is
differentiable.

B. Parameter Variation

Secondly, we now investigate the effect of varying the
lockdown and release thresholds. For different values of
θl and θr, we calculated and compared the probability
density functions. The particular values of the parame-
ters correspond to the regions visible in Fig. 1, of which
we choose the positions of the minima and maxima of
C̄. Furthermore, we investigated relatively early lock-
downs by choosing points where C̄(θl) is on the first rise.
For comparison we also considered the critical value of
θl = 0.1683 as well as the case with disabled lockdowns.
The investigated values are presented in Table I. For ac-
tually presenting the pdfs, we have selected a subset of
this set for clarity.

With these values in mind, we ideally should only vary
one parameter at a time. For this reason, we first fixed

θl θr

0.0105 0.0013

0.0210 0.0026

0.0421 0.0053

0.0588 0.0074

0.0692 0.0087

0.0955 0.0119

0.1460 0.0183

0.1683 0.0210

Disabled Disabled

TABLE I. Points of interest in parameter space.

the lockdown threshold at the critical value of 0.1683,
and varied the release threshold θr according to the val-
ues presented in Table I, where we also include a simula-
tion where releasing is disabled completely, i.e., non-lifted
lockdowns. This is the subject of Sec. VI B 1. Secondly,
we fix the release-threshold at 0.0210 and vary the lock-
down threshold according to the (admissible) values from
Table I. Finally, we ‘compile’ these results together by
investigating the pdfs of the constant ratio θl = 8θr in
Sec. VI B 3.

1. Varying the Release Threshold

Here we study the effect on the pdfs of varying the
release threshold. The pdfs are shown on Fig. 7. It
can be seen that the distributions actually align with
the no-lockdown case before deviating away at a partic-
ular C value specific to each parameter set. These are
the C values where the lockdowns become relevant for
that particular parameter. The first to deviate is the
θr = disabled ≡ 0 case, with the point of deviation, also
marked by a non-analyticity, visibly increasing with θr.

This can be explained as follows. If the lockdown is re-
leased the disease will likely be able to propagate through
the system better and therefore infect more people com-
pared to the case where the lockdown is not lifted. For
rather larger values of C this results in a higher proba-
bility, and, due to normalization, for medium values of
C in a lower probability. For very small values of C, the
lockdown is never triggered.

Interestingly, for all cases the non-analytic point where
the deviation between the pdfs for lockdown and not lock-
down appears is considerably larger, at least C ≥ 0.3,
than the lockdown threshold θl = 0.1683 here! This
means, the location of this points is not only determined
by the value of θl but also by the complex network topol-
ogy.

Furthermore, it can be seen that increasing the release
threshold from zero deforms the pdf by increasing the
height of the first peak at intermediate C, with alignment
around the second peak, i.e. for C > 0.85, indicating
the behaviour at high C is independent of the release
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FIG. 7. The probability density functions P (C) for varying
the release threshold, with the lockdown threshold fixed at
θl = 0.1683. The remaining parameters are N = 3200, µ =
0.14, λ = 0.2 and η = 0.586. The main plot is the entire pdf
on a logarithmic scale, while the linear scale is shown on the
inset. The values of P (C < 0.4) are omitted on the linear
scale as they are practically invisible here.

threshold. We then deduce the behaviour of the pdf is,
for large C, likely dictated by the lockdown threshold.

This is emphasised by investigating the average num-
ber L̄ of lockdowns, see Figure 8. Interestingly, for high
values of C, lockdowns were not triggered. This means
they exhibit values for the numbers of infected below
the lockdown threshold, i.e., extremely severe outbreaks
are slow-spreading. Also, for the present case with the
lockdown threshold fixed at θl = 0.1683, the system was
found to exhibit typically at most a single lockdown.
Note the appearance of a transition between zero and
one lockdown, This transition corresponds very well to
the nonanalytic point seen in Fig. 7 and the transition
point increases monotonically with θr.

This can be explained as follows. To reach the lock-
down threshold, the system needs a substantial amount
of simultaneously infected nodes. If the lockdown is then
quickly lifted due to high value of θr the resulting value
of C will be larger then when the lockdown is lifted late
θr → 0. Thus, the L̄(C) curves are shifted to the right.
Note that C is not an independent parameter, i.e., cannot
be directly controlled, although it is plotted on the x-axis
here! For lower values of θr the system spends more time
in lockdown where the disease spread is greatly limited.
Thus, the only way for the system to achieve higher value
of C is to have never locked down in the first place, which
can only occur inspite of large values of C if the spreading
is slow.

2. Varying the Lockdown Threshold

The pdfs P (C) for varying the lockdown threshold θl,
are shown in Fig. 9. Note that the release threshold is
fixed at θr = 0.0210. As before, normalisation ensures
the pdfs align with the no-lockdown case for small values

0.0
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0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

L̄

C

θr = 0.0000
θr = 0.0053
θr = 0.0210
θr = 0.0842

FIG. 8. The average number L̄ of lockdowns as a function
of C for varying the release threshold with θl = 0.1683 fixed.
The remaining parameters are N = 3200, µ = 0.14, λ = 0.2
and η = 0.586.

of C, because as long as i(τ) ≤ C holds no lockdown
can be triggered. The curves start deviating at a value
of C that here depends on θl, again accompanied by a
non-analyticity of P (C). These points exhibit values of
C that are clearly larger than the respective values of θl.
It is worth mentioning that for low values of θl more than
one single non-analytic point appears.
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θl = 0.1460
θl = 0.1683

No Lockdown

FIG. 9. The probability density function P (C) for varying the
lockdown threshold, with θr = 0.0210 fixed. The remaining
parameters are N = 3200, µ = 0.14, λ = 0.2 and η = 0.586.
As before, only the visible portion of the linear scale is shown.

Also, increasing the lockdown threshold mainly moves
the dominant peak to the right. However, with increas-
ing lockdown threshold, we approach the case where the
lockdowns fail to affect the system as the threshold is
never reached. This gives rise to a small second peak
at first, which is visible in the pdf for θl = 0.146 in the
logarithmic scale. At the critical threshold θl = 0.1683
the second peak is of notable magnitude and also visible
in the linear scale. Finally, with disabled lockdown, the
once dominant peak has vanished completely and only
this second peak remains, apart from the peak near C = 0
of course.
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We also notice that in contrast to the previous case
of varying the release threshold, varying the lockdown
threshold is still having a strong impact on the proba-
bilities even for C > 0.85. In particular the behaviour
gets richer because low lockdown thresholds result in
triggering several lockdown-release pairs. This can be
seen in Fig. 10, where we display the average number
L̄ of triggered lockdowns as function of C. Again, the
points where L̄ changes strongly correspond to the non-
analytic points of P (C). Indeed a system with a low
lockdown threshold must undergo multiple lockdowns in
order to attain high C values. By contrast, higher lock-
down thresholds allow the disease to spread a bit more
rapidly, although to obtain large C values it must still
spread slow enough to stay below the lockdown thresh-
old. It is also seen that intermediate thresholds can still
suffer a severe outbreak with a single lockdown on aver-
age.
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θl = 0.1683

FIG. 10. The average number L̄ of lockdowns as a function of
C for varying the lockdown threshold with θr = 0.0210 fixed.
The remaining parameters are N = 3200, µ = 0.14, λ = 0.2
and η = 0.586.

3. Fixed-ratio variation

In Fig. 11 we investigate how the probability distri-
bution functions change with the lockdown and release
thresholds simultaneously varied, but with their ratio
kept at a constant factor of eight.

The left part of the curves aligns with the no-lockdown
curve, for the same reasons as discussed before. For low
values of θl, i.e., quickly triggered lockdowns, the sys-
tem heavily favours low value of C, with probabilities as
small as 10−80 for high values C. Increasing the lock-
down threshold of course allows the system to exhibit an
increasingly higher fraction C of infected.

With respect to the pdf’s shape, the result for the low-
est threshold, i.e., θl = 0.021 , exhibits multiple peaks of
similar heights. This is due to multiple lockdowns and is
discussed below. Note that this value of θl is close to the
peak location of the variance, which corresponds to the
epidemic threshold, see Fig. 1.
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No Lockdown

FIG. 11. Probability density of the the cumulative fraction
of infected for N = 3200, µ = 0.14, λ = 0.2 and η = 0.586.
The lockdown and release threshold are varied simultaneously
but constrained to the ratio θl = 8θr. The left inset (white
background) restricts the probability range to P (C) ≥ 10−8

to show the finer detail in this regime. The right inset (darker
background) shows the distributions with linear scale.

Increasing the threshold beyond the critical threshold
shifts the behaviour of the system such that it is in a
strong epidemic phase. Most of the peaks of the pdf
at small values of C disappear somewhere between θl =
0.021 and θl = 0.0588.

Still, most of the pdfs also exhibit a peak around
C = 0.7, which corresponds to a rather large outbreak,
that is affected by the lockdowns. A notable exception
for this is θl = 0.0955, where this peak is slightly shifted
a bit to higher values of C, i.e., here this typical outbreak
is larger. Starting with θl = 0.146 we see a peak around
C = 0.9 emerging, which corresponds to the peak with-
out lockdowns. Thus, the lockdown threshold for these
systems is so high that the high values of C are reached
without triggering the lockdown anymore.

To understand the shapes of the pdfs better, we look at
the average number L̄ of lockdowns as shown in Fig. 12.
Indeed, not more than one lockdown is triggered for θl ≥
0.146.

Consistently with the two previous cases, low C val-
ues exhibit relatively few lockdowns because the disease
goes extinct rather early. Still, the case of the relatively
low lockdown threshold θl = 0.021 creates multiple lock-
downs, i.e., several infection waves.

As was the case previously, the maximum number of
lockdowns typically occurs around intermediate values
of C. For high values of C the slowly spreading infec-
tions dominate the dynamics, which leads to relatively
few lockdowns again. For high threshold values, even no
lockdowns are triggered there.

To understand what is going on for the lowest consid-
ered threshold value θl in more detail we now look at
the conditional probability P (L|C) that L lockdowns are
triggered given a value of C. The normalization is such
that

∑
L P (L|C) = 1 for all values of C.

Interestingly we can see that for about C ≤ 0.45 the
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FIG. 12. The average number of lockdowns as a function of
C for varying the lockdown and release thresholds simultane-
ously with θl = 8θr. The remaining parameters are N = 3200,
µ = 0.14, λ = 0.2 and η = 0.586.
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FIG. 13. The conditional probability P (L|C) that the system
exhibits L lockdowns given a specific value of C. The param-
eters are N = 3200, µ = 0.14, λ = 0.2, η = 0.586, θl = 0.021
and θr = θl/8.

dynamic is dominated by a specific number L. In con-
trast, for values around C ≈ 0.6, the distributions exhibit
has a notable probability for 6, 7 or 8 lockdowns. This
region is also characterized by large fluctuations. For
even larger values of C, the typical number of lockdowns
decreases again.

C. Correlation and Heatmaps

To analyse the outbreak dynamics further [34], we
store a number of the outbreak trajectories during the en-
tropic sampling. We elected to store 200, 000 such curves
for each pdf. The trajectories are binned according to
their corresponding value of C. Let T denote a time se-
ries, T = i or T = c, with

T = (T (0), . . . T (τmax − 1)). (5)

Three examples of such curves are shown on Figure 14
for θl = 8θr = 0.021 and for low, medium and high value

of C, respectively. They present the general behaviour in
each of the three regimes. For low values of C, typically
very short-lived trajectories with one or two lockdowns
appear, as seen as the previous section. For interme-
diate values of C one may experience many lockdowns.
For high C typically only a few or no lockdowns occur,
depending of course on the parameter set.

In the following subsection we use these time series to
construct heatmaps to investigate the similarity of pairs
of time series. Secondly, heatmaps pertaining to other
properties of the outbreaks are presented and discussed.
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C = 0.125

FIG. 14. Examples of infection time series i(τ) for N = 3200,
θl = 0.0201 , θr = θl/8 and different values of C, respectively.
The dashed horizontal line indicates the lockdown threshold.

1. Disparity Maps

To compare the similarity of two outbreaks, i.e., of two
time series T1 and T2, we first normalise by their respec-
tive maxima. The length of the time series is denoted
by l1 and l2 respectively. Let now lmax = max{l1, l2}. A
distance d between two time series is defined [34] as

d(T1, T2) =
1

lmax

lmax−1∑
τ=0

|T1(τ)− T2(τ)| . (6)

The disparity VT (C1, C2) is the averaged distance for all
pairs of time series T with bin values C1, C2, respectively.

For brevity, we only present the disparity Vi of the
infection curves i(τ) here. Figure 15 shows Vi as a
heatmap for θl = 8θr = 0.0210. Note that using the
large-deviation approach has allowed us to create such a
heatmap over the entire allowed range of C; particularly
also in the range which is inaccessible by standard Monte
Carlo sampling.

The disparity appears to form regions in the heatmap.
Looking at the diagonal, which represents comparing the
curves in one bin to one another, for 0 < C < 0.2 the
curves are evidently rather similar. These low-outbreak
curves are characterized by early lockdowns stopping the
spread of the disease. Following the diagonal further the
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FIG. 15. Disparity Vi of the infection curves i(τ) for θl =
8θr = 0.0210. The curves have been binned with respect to
their C value, with N = 3200, λ = 0.2, µ = 0.14 and η =
0.586.

disparity increases and one can no longer clearly distin-
guish regions from one another. This also makes sense as
an increasing number of lockdowns makes it increasingly
unlikely that the lockdowns of two infection curves occur
at the same time step. Since the lockdowns trigger rapid
changes in the time evolution of the disease this increases
the disparity between two such time series.

Comparing the time series of any fixed C value, e.g.,
C = 0.2 with the other time series we can see that they
quickly become dissimilar to one another when the two
corresponding values of C differ. Looking at Fig. 13 this
makes sense, as the number of lockdowns triggered varies
a lot, but has a high correlation with the C value. Also
the visual “steps” in similarity in the range of small val-
ues of C correspond to changes in the typical number L
of lockdowns.

We also show the disparity Vi for a higher value θl =
8θr = 0.1683, around the critical threshold, in Fig. 16.
Here, three regions can be distinguished. Looking at
Fig. 12 we see that the first region 0 ≤ C ≤ 0.34 cor-
responds to no lockdowns, whereas 0.34 < C ≤ 0.81
corresponds to 1 lockdown and the last region C ≥ 0.81
exhibits no lockdowns again. Note that the border of
region one and two corresponds to the seemingly non-
analytic behaviour seen on the pdf in Fig. 11.

The time series in the region of 0.34 < C < 0.81 exhibit
extremely low disparities to one another, which shows
that there is low variability in the time series. This is
also true, although to a slightly less degree, for the third
region, i.e., C ≥ 0.81. Interestingly, also off-diagonal
parts representing the disparity between time series from
different regions exhibit an internal structure to some
degree. This indicates that the three regions are somehow
subdivided further. We do not go into details here.
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FIG. 16. Disparity Vi of the infection curves i(τ) for θl =
8θr = 0.1683. The curves have been binned with respect to
their C value, with N = 3200, λ = 0.2, µ = 0.14 and η =
0.586.

2. Conditional Density

Other properties of the outbreaks can be studied
by considering the conditional densities ρ(Q|C) =
P (Q,C)/P (C), with Q some measurable quantity. The
time series are binned according to the cumulative frac-
tion C of infections, and then a histogram of Q given C
is constructed. These are presented as heatmaps. In this
paper, we consider the following quantities for Q:

• Q = τmax, that is the number of time steps for
the infection trajectories to reach their global maxi-
mum of i(τ). If a trajectory reaches the same max-
imum multiple times we take the time it took to
reach the first one,

• Q = M , the relative hight of the global maximum,
i.e., i(τmax).

Across the various data sets, some similar patterns
emerge in the heatmaps. To illustrate the main points,
we only present those for θl = 8θr = 0.0421 and 0.1683
respectively.

The conditional density ρ(τmax|C) for θl = 0.0421 is
shown on Fig. 17. As we saw previously, with these val-
ues for the parameters, the system has a tendency to
experience multiple lockdowns. The lockdowns will lead
to a steep decline in i(τ). Therefore, if lockdowns oc-
cur, the global maximum will be very close to one of the
times where the lockdown was triggered, which can be
at different times, but typically not at all times. This is
revealed in this heatmap by the multiple ‘bands’ of high
probability which are visible for large values of C. Note
that with the propagation of the disease, with increasing
time, less and less susceptible nodes remain. Therefore,
the earlier lockdowns have a higher chance to lead to the
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FIG. 17. The conditional density ρ(C|τmax) for θl = 8θr =
0.0421. This is the amount of time steps the system requires
to reach its global maximum in the infection curves i(τ) for
each C value. The other parameters are N = 3200, λ =
0.2, µ = 0.14 and η = 0.586.

global maximum, which is apparent by the color of the
earlier ‘bands’.

There are multiple discontinuities in P (τmax|C). They,
like above, correspond to the C values where the domi-
nant number of lockdowns changes.

Fig. 18 shows the conditional density ρ(M |C) =
ρ(M,C)/P (C) for θl = 8θr = 0.0421. Note the phase-
transition like discontinuity for C ≈ 0.05, where the
maximum M is somehow constrained by the lockdown
threshold. For low values of C clearly no lockdowns are
triggered. When C exceeds θl significantly, lockdowns
are triggered and the number of infections is drastically
reduced. This leads to a significant increase of P (C) for
values of C just above θl, as we saw before and to a sig-
nificant increase of P (M,C ≥ θl) for values of M also
just above of θl, i.e., a peak near M = 0.045. Note that
in P (C,M) also the small peak for M near 0.01 continues
to exist for C larger than θl, but due to the normaliza-
tion by a much larger value of P (C), as compared to
C < Θl, the small peak is not visible any more in Fig. 18.
Thus, the other peak is dominant for C larger than θl
and appears as a discontinuity.

By contrast, to attain higher C the infection curves
must spread with more vigour, triggering the lockdowns
and having their global maximum restricted by the lock-
down threshold.

On this note, with higher lockdown threshold a third
phase in the ρ(M |C) surface begins to appear. This is
shown on Fig. 19 for θl = 8θr = 0.1683.

It can be seen that the behaviour is qualitatively simi-
lar to that of Fig. 18, with the emergence of a new phase
around C > 0.8. This is because the relatively high
lockdown threshold allows for slowly spreading but long-
lasting trajectories with relatively high value of M yet
still lower than the lockdown threshold. This is seen from
the non-zero probability for M lower than the lockdown
threshold in this regime.
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FIG. 18. The conditional density ρ(M |C) for θl = 8θr =
0.0421. Here M is the maximum fraction of the network that
was simultaneously infected. The other parameters are N =
3200, λ = 0.2, µ = 0.14 and η = 0.586.
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FIG. 19. The conditional density ρ(M |C) for θl = 8θr =
0.1683. Here M is the maximum fraction of the network that
was simultaneously infected. The other parameters are N =
3200, λ = 0.2, µ = 0.14 and η = 0.586.

VII. SUMMARY AND CONCLUDING
REMARKS

We have studied a stochastic SIR network model under
the influence of lockdowns. We employed an infection-
level activated lockdown where the lockdown was imple-
mented by temporarily removing a certain percentage of
the edges in the Small-World network. The goal was to
obtain the complete density of states of the fraction C
of infected nodes for a variety of lockdown and release
thresholds.

The parameter sets of interest were chosen by us-
ing regular infection dynamics simulations, where crit-
ical transition thresholds where found separating phases
where the lockdown was effective or not, respectively.
The values of interest for the lockdown thresholds θl
were chosen by considering interesting points, maxima
and minima, of the curves for the average C as a func-
tion of θl. The severity of the lockdowns, that is the
fraction of edges to be removed, was taken as the perco-
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lation threshold of the particular Small-World networks
employed.

The density of states were obtained using a Wang-
Landau algorithm with refinement via entropic sampling.
Probability densities as small as 10−85 were obtained in
this fashion. Furthermore, rate functions were calculated
which showed consistency with the large-deviation prin-
ciple, which means that P (C) falls into a standard class
of behaviour. In particular we observed the appearance
of nonanalytic points of P (C) which are not present in
the no-lockdown case.

The shapes of the pdfs were rationalised by analysing
the infection trajectories. It was found outbreaks ex-
hibiting a low value of C either die out almost instantly,
or trigger the lockdown, sometimes multiple times, be-
fore becoming extinct. For intermediate values of C out-
breaks were seen to spread violently leading typically to
several lockdowns. Finally, outbreaks with high value of
C typically exhibit slowly-developing dynamics with few
to none triggering of a lockdown.

The disparity heatmaps further reflected this kind of
behaviour, with some showing discontinuous changes be-
tween regimes. Moreover the tendency of the system to
exhibit several lockdowns with discontinuous transitions
was seen in the behaviour of conditional probability den-
sities obtained from the trajectories.

For practical applications, it should be stressed that
we observed at least two types of pandemic outbreaks.
First, the short but heavy ones, which triggered one or
several lockdowns. On the other hand, there are strong
but slowly-developing outbreaks, where a lockdown has
never been triggered. While the probability of the latter
was rather low, especially for small lockdown thresholds,
this effect could increase when other factors are also in-

cluded, e.g., a latent period of the disease as done in the
SEIR model [59].

For public health control this means that, if the goal
lies not only in minimizing M but also in minimizing C,
that one should not only look at the current number of
infected individuals but try to find other criteria to is-
sue lockdowns or consider different measures altogether.
These criteria will likely depend on more complex anal-
yses of the state of a network and could involve the size
of the infection front, i.e., the actual active contacts be-
tween infected and susceptible individuals.

In the future we plan to study in a similar fashion the
transfer of diseases between animals and humans, i.e.,
zoonoses. Such a transfer is in general not highly prob-
able, at least for those infections where the transfer to
humans has not taken place yet. Thus, the application
of the large-deviation approach will be very useful here,
building upon the expertise we have gathered so far for
the one-species model.
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Rev. E 90, 023302 (2014).

[55] M. E. J. Newman, Networks: an Introduction (Oxford
University Press, 2010).

[56] M. E. J. Newman and D. J. Watts, Phys. Rev. E 60, 7332
(1999).

[57] B. Efron, The Annals of Statistics 7, 1 (1979).
[58] H. Touchette, in Modern Computational Science 11: Lec-

ture Notes from the 3rd International Oldenburg Summer
School , edited by R. Leidl and A. K. Hartmann (BIS-
Verlag, Oldenburg, 2011) preprint arXiv:1106.4146.

[59] P. Yan and G. Chowell, Quantitative Methods for Inves-
tigating Infectious Disease Outbreaks (Springer Cham,
2019).

http://dx.doi.org/ 10.1038/srep04472
http://dx.doi.org/ 10.1038/srep04472
http://dx.doi.org/ 10.1126/science.abd9338
http://dx.doi.org/ 10.1126/science.abd9338
http://dx.doi.org/ https://doi.org/10.1016/j.idm.2020.04.001
http://dx.doi.org/10.48550/ARXIV.2006.14373
http://dx.doi.org/10.48550/ARXIV.2006.14373
http://dx.doi.org/10.48550/ARXIV.2006.14373
http://dx.doi.org/10.48550/ARXIV.2006.14373
http://dx.doi.org/10.1142/S0218202521500524
http://dx.doi.org/10.1142/S0218202521500524
http://dx.doi.org/10.1016/j.physa.2020.125632
http://dx.doi.org/10.1016/j.physa.2020.125632
http://dx.doi.org/10.1016/j.physa.2020.125632
http://dx.doi.org/10.1016/S0264-410X(99)00306-0
http://dx.doi.org/ https://doi.org/10.1016/j.physrep.2016.10.006
http://dx.doi.org/ https://doi.org/10.1016/j.immuni.2021.07.017
http://dx.doi.org/10.7774/cevr.2015.4.1.46
http://arxiv.org/abs/http://www.e-sciencecentral.org/articles/?scid=1059447
http://arxiv.org/abs/http://www.e-sciencecentral.org/articles/?scid=1059447
http://dx.doi.org/https://doi.org/10.1016/j.jinf.2021.06.018
http://dx.doi.org/10.1103/PhysRevE.105.034313
http://dx.doi.org/10.1103/PhysRevE.105.034313
http://dx.doi.org/10.1038/30918
http://dx.doi.org/ 10.1038/nature02541
http://dx.doi.org/ 10.1038/nature02541
http://dx.doi.org/10.1103/PhysRevE.65.056102
http://dx.doi.org/10.1103/PhysRevE.89.052103
http://dx.doi.org/10.1103/PhysRevLett.86.2050
http://dx.doi.org/10.1103/PhysRevLett.86.2050
http://dx.doi.org/10.1103/PhysRevLett.71.211
http://dx.doi.org/ https://doi.org/10.1016/j.physrep.2009.05.002
http://dx.doi.org/10.1007/978-3-642-03311-7
http://dx.doi.org/10.1007/978-3-642-03311-7
http://dx.doi.org/10.1103/PhysRevE.75.046701
http://dx.doi.org/10.1103/PhysRevE.75.046701
http://dx.doi.org/10.1103/PhysRevE.78.067701
http://dx.doi.org/10.1103/PhysRevE.78.067701
http://dx.doi.org/10.1103/PhysRevLett.90.035701
http://dx.doi.org/10.1103/PhysRevLett.90.035701
http://dx.doi.org/10.1103/PhysRevE.93.053306
http://dx.doi.org/10.1103/PhysRevE.93.053306
http://dx.doi.org/10.1103/PhysRevE.67.067102
http://dx.doi.org/10.1119/1.1707017
http://dx.doi.org/10.1119/1.1707017
http://dx.doi.org/ 10.1088/1742-6596/510/1/012012
http://dx.doi.org/ 10.1088/1742-6596/510/1/012012
http://dx.doi.org/ 10.1088/1742-6596/487/1/012001
http://dx.doi.org/ 10.1088/1742-6596/487/1/012001
http://dx.doi.org/ 10.1103/PhysRevE.90.023302
http://dx.doi.org/ 10.1103/PhysRevE.90.023302
http://dx.doi.org/ 10.1093/acprof:oso/9780199206650.001.0001
http://dx.doi.org/10.1103/PhysRevE.60.7332
http://dx.doi.org/10.1103/PhysRevE.60.7332
http://dx.doi.org/10.1214/aos/1176344552
http://dx.doi.org/10.48550/arXiv.1106.4146
http://dx.doi.org/10.48550/arXiv.1106.4146
http://dx.doi.org/10.48550/arXiv.1106.4146
http://dx.doi.org/10.1007/978-3-030-21923-9
http://dx.doi.org/10.1007/978-3-030-21923-9

	Non-Analytic Behaviour in Large-deviations of the SIR model under the influence of Lockdowns
	Abstract
	Introduction
	Model
	Ensemble
	Algorithms
	Outbreak Simulation
	Large-Deviation Sampling

	Simple Sampling
	Transmission and Recovery Probabilities
	Lockdown Parameters
	Disease Duration

	Results
	Probability Density Functions around the Transition of Lockdown Effectiveness
	Parameter Variation
	Varying the Release Threshold
	Varying the Lockdown Threshold
	Fixed-ratio variation

	Correlation and Heatmaps
	Disparity Maps
	Conditional Density


	Summary and Concluding Remarks
	Acknowledgements
	References


