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Abstract

The aim of this diploma thesis is to verify reachability properties of timed au-
tomata using SAT-based verification methods, while mainly eliminating the state
explosion problem using abstraction refinement techniques. Especially for complex
and safety critical systems, reachability analysis plays a major role, thus, verification
shall be restricted to the system parts essential to the property.

This thesis will present an iterative approach to automatic verification of reach-
ability properties. While the essential, non-abstractable system parts have to be
“guessed” during the first cycle, from begin of the second it is possible to acces
former results and identify wrongly omitted system parts to include them again.

The timed automaton and the property are firstly translated into formulae, such
that abstraction reduces to modification of formulae and these may be verified us-
ing a SAT-based model checker. Identification of wrongly omitted system parts
and subsequent refinement are realised using craig interpolants resulting from false
negatives.

The efficiency and universality of this approach is shown using several examples.
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Zusammenfassung

Das Ziel der vorliegenden Diplomarbeit ist es, Erreichbarkeitsfragen von Realzeit-
automaten mittels SAT-basierter Methoden zu verifizieren, wobei das state explo-
sion Problem mit Hilfe der Abstraction-Refinement Technik weitestgehend eliminiert
wird. Erreichbarkeitsfragen spielen besonders bei komplexen sicherheitskritischen
Systemen eine Rolle, so dass die Überprüfung dieser Eigenschaften auf die für sie
wichtigen Systemteile eingeschränkt werden soll.

Es wird ein iteratives Verfahren vorgestellt, welches die Verifikation von Erreich-
barkeitsfragen automatisiert. Müssen dabei im ersten Anlauf die für die Eigen-
schaft wichtigen, nicht abstrahierbaren Teile noch “geraten” werden, so ist es ab
dem zweiten Durchlauf möglich, auf vorherige Ergebnisse zurückzugreifen und Sys-
temteile, welche fälschlich weggelassen wurden, zu identifizieren und wieder in die
Berechnung mit einzubeziehen.

Konkret werden Automat und die Eigenschaft zunächst in Formeln übersetzt, so
dass Abstraktion sich auf die Modifikation von Formeln reduziert und diese dann
mit Hilfe SAT-basierter Modelchecker überprüft werden können. Die Identifika-
tion fälschlich weggelassener Systemteile und das anschließende Refinement wird
mit Hilfe von Craig Interpolanten ermöglicht, welche aus falschen Gegenbeispielen
resultieren.

Die Effizient und Allgemeingültigkeit des Ansatzes wird anhand von Beispielen
verdeutlicht.
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1. Introduction

1.1. Model Checking

To an increasing degree, software and hardware as well as algorithms and procedures
nowadays are expected to be fault-tolerant and robust. For this reason, systems
need to be simulated in order to guarantee desired behaviour, ensure that specified
properties hold and prevent erroneous execution. If simulation has been successful
and errors have been detected, expensive production costs and costly amendments
may be avoided.

Model checking is one of the major techniques to verify properties of finite state
systems. It basically consists of three steps, see also (Clarke et al., 1999):

1. Modelling: The system description (mainly in natural language) is trans-
lated to some formal description. The formal description is used as input
for the model checking tool and thus depends on the accepted input language.
Common representations are formulae, Kripke structures and timed automata
(which will be used within this thesis). Surely depending on the level of ab-
straction already used when describing the system, the modelling task can
often be done automatically.

2. Specification: A description of the desired behaviour of the system and its
properties it has to fulfil is given. This is usually done by means of temporal
logic, as this allows to specify behaviour of the system over time. Attention
has to be paid to ensure no unwanted side effects appear (due to too few
constraints).

3. Verification: The formal descriptions of the system and the properties are
checked to be consistent. This is mostly done automatically, only the results
have to be analysed and interpreted manually.

Depending on the results of the verification step, the natural language system
description or formal system description are adapted (erroneous initial description
in the former case and erroneous system description or translation in the latter one),
or some properties are added to the formal specification (incomplete specification).

With an appropriate translation of properties to the input language of the model
checking tool, model checking works for almost all kinds of properties. In contrast,
within the context of this thesis, only safety properties like “a certain state s can
never be reached” will be considered, where s represents some undesired or safety
critical state. With regard to fault-tolerance and robustness, safety properties are
most important. Other properties, like for example liveness properties, can be trans-
lated to safety properties using the approach of (Artho et al., 2002).

1



2 1.2. ABSTRACTION REFINEMENT

Different model checking approaches have evolved within the last years, each of
them having different advantages and disadvantages. Efficiency and quality of results
of the different approaches thereby strongly depend on the system intended to be
checked.

The most simple approach is called explicite state model checking : Every state
of the system intended to be checked is represented explicitely. The complexity of
model checking thus is linear in the size of the underlying system. This technique
has been state of the art for quite a long time, but works well only for rather small
systems. The number of applications using this technique therefor shrinks.

In contrast to that, the symbolic model checking (McMillan, 1993) uses data struc-
tures able to represent sets of states. That means, when working with this approach,
the transition relation of the system is not explicitely constructed but represented
by a Boolean function, for example. Other Boolean functions are used to represent
sets of global states1; these are combined to so-called regions , one region containing
states with similar clock valuations. The advantage in comparison with an explicite
representation of the global states is that space requirements for Boolean functions
are exponentially smaller. Thus, it is possible to model check larger systems.

Bounded Model Checking (Biere et al., 1999b; Clarke et al., 2001) works with a
finite unravelling of the (explicite representation of the) transition relation. The
next-state relation is encoded as a propositional formula, which is unrolled up to
some finite given depth k. Unrolling in this context means to encode the whole
transition relation (and thus all possible behaviour) for the first k steps.

In most model checking approaches, a combination of symbolic and bounded
model checking is used. In this way, it it possible to benefit from both, as sys-
tems often are very large, but the property to be checked turns out to be fulfilled or
not after a (compared to the system’s size) quite small number of steps.

One of the main problems in model checking, however realised, is the so-called
state explosion problem: Even though the system description of the system to be
checked is finite, applying model checking may lead to infinitely many global states
which have to be considered. This may be due variables with infinite range, as well
as possible parallel execution of different system parts.

1.2. Abstraction Refinement

Abstraction refinement is one of the major approaches to cope with the state ex-
plosion problem, while trying to preserve efficiency and correctness of verification
results.

In general, abstraction means to remove information from a system which is not
relevant to the property to be verified. Due to this release of constraints, the set of
reachable global states of the abstract system yields a superset of the set of reachable
global states of the concrete system. In this way, if a specified safety property holds
in the abstract system, it will hold in the concrete system, too.

One of the best know techniques for abstraction is predicate abstraction (Graf &

1A global state represents the complete status of the system at some point in time, that is not
only the state the system is in, but also values of variables.
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Säıdi, 1997): A set of initial predicates is chosen on the concrete states. Thereby, a
predicate may be any Boolean expression over the variables of the concrete system,
that means for example a constraint on state variables, program counters or clocks.
The abstract state space induced by the set of predicates is given by the truth values
of the predicates. Thus, for n predicates, the abstract state space has 2n states.

As mentioned above, if the property holds in the abstract system, it will hold
in the concrete system, too. On the other hand, if the property does not hold
in the abstract system, nothing is known about the concrete system, as it is not
sure whether the property does not hold at all or whether the abstraction has been
“false”. To detect this cause (why the property does not hold in the abstract system),
refinement comes into play: Parameters which have been abstracted have to be
taken into account again (they have to be refined). In case a counterexample has
been found in the abstract system, but the property nevertheless is satisfied in
the concrete system, the counterexample is said to be spurious. The main task in
automatic abstraction refinement is to be able to identify parameters which are not
relevant for the property (to abstract them) and which caused a counterexample to
be spurious (to refine them), respectively.

1.3. Overview

The aim of this thesis is to verify safety properties of timed automata using SAT-
based verification methods and bounded model checking. Safety properties are prop-
erties of the form “a certain state s is not reachable” (therefor, they will also be called
reachability properties). The automaton and property are therefor translated into
some formula representation providing the same behaviour as the automaton. To be
able to cope with the state explosion problem, abstraction techniques are applied to
the automata to reduce the number of states. Based on spurious counterexamples,
the abstraction is refined and model checked again until either the property is shown
to be valid within the actual bound, or a counterexample has been identified.

Figure 1.1 gives an overview of the conceptual design of this thesis. Grey compo-
nents represent external, already existing tools, while all other “boxed” components
represent different concepts which will be developed, explained and proven within
the context of this thesis. Arrows represent data flow between the different com-
ponents, with double head arrows represent data exchange between different tools.
Keeping the aim of verifying reachability properties in mind, figure 1.1 will now be
explained in detail, starting in the top left corner.

The model checker Uppaal (uppaal, 2005) is intended to be used as an editor.
It provides a simple and intuitive modelling environment for creation of timed au-
tomata as well as reachability properties. The Representer is used to translate the
timed automaton and the property obtained from Uppaal into the formula repre-
sentation the following components will work on.

The part of the Abstracteur is to modify the formula representation of the timed
automaton such that some parameters are removed from the system, that means
these parameters are abstracted. In case one or more of these parameters intended
to be ignored is contained in the property, they will be abstracted from the property,
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too. Up to this point, the formula representation of the timed automaton describes
its general behaviour, independent from a specific number of steps. But as bounded
model checking is intended to be used (that means the behaviour of the automaton
will be examined for the first k steps, with k being the bound), the automaton has to
be unrolled. As described above, unrolling means to instantiate the general formula
representation with concrete values for the first k steps. This is what the Unroller
component does.

The formula representation of the unrolled automaton and the property will be
given to some external SAT solver (decision procedure DP). Apart from the need to
translate the formula representation into the input format for the SAT solver (and
the output of the SAT solver into the formula representation back again), the DP
component may be an arbitrary SAT solver. In case the SAT solver determines that
state s is not reachable, the property is satisfied, at least for the first k steps. Further
analysis may consist of increasing the unrolling depth. If instead s is reachable in
the abstract automaton (that means the property is not satisfied at first glance), the
DP component will return a trace through the automaton which finally reaches s.
For this trace, it has to be checked whether it can be reconstructed in the concrete
automaton or not. In the former case, the property does not hold (at least for bound
k), while in the latter case, a spurious counterexample has been found.

The task of the Concretizer is to “translate back” the trace into the notation of the
concrete automaton: Due to fewer constraints, one trace in the abstract automaton
may correspond to a set of traces in the concrete automaton. The Concretizer
identifies the set of concrete traces and adds appropriate constraints to the formula
representation characterising this set. The concrete automaton, together with the
concretized trace and the property then is unrolled again, and the external tool
FOCI2 (FOCI, 2005) is called.

FOCI is not only a SAT solver but an interpolating theorem prover, that means
it derives craig interpolants from a proof of unsatisfiability. However, first of all,
FOCI applies model checking to the concrete formula representation. In case the
result is “s is reachable”, the counterexample obtained from the DP component is a
real counterexample, and the property is not satisfied. But in case FOCI returns “s
is not reachable”, the counterexample is spurious, and the question arises why. In
more detail, the challenging question is why the counterexample has been possible in
the abstract automaton, but not in the concrete one. Surely, one of the parameters
which have been abstracted is “responsible”.

Based on the craig interpolants obtained from FOCI, the Refiner tries to identify
the cause of the spurious counterexample. Based on this cause, the Refiner undoes
the abstraction of one or more parameters, in adding them to the formula represen-
tation again. This is called refinement. As the detection of the cause is based on one
counterexample, while the Refiner tries to derive information about the parameters
in general, refinement is always based on heuristics. The abstraction refinement loop
then starts again with the reduced set of parameters to abstract from.

2Note that for convenience, FOCI is used within the DP component, too.
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Uppaal

Represent

Abstract

Unrol[k]

DP Concretize Unrol[k]

FOCIRefine

s not reachable in k steps

s reachable

Figure 1.1.: System Architecture for SAT-based Abstraction Refinement Loop

1.3.1. Outline

The rest of this thesis is structured as follows: Chapter 2 will provide the theoretical
background important for this thesis. In chapter 3, the formula representation of
timed automata is introduced, together with the proof of correctness (with regard to
the underlying timed automaton). Chapter 4 defines the abstraction technique used
within the context of this thesis. As abstraction works on formulae, a main part
of chapter 4 is the proof that abstraction preserves timed automata. That means:
The abstraction of the formula representation of a timed automaton results in the
formula representation of another timed automaton.

Chapter 5 and 6 present the basic concepts of craig interpolants, discuss their
expressiveness and finally provide refinement heuristics.

All the aforementioned concepts have been implemented: Chapter 7 presents he
resulting tool SAAtRe .
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2. Fundamentals

2.1. Preliminaries

As the name implies, SAT solver tools—which are fundamental for this thesis—
work with propositional formulae, and detect whether they are satisfiable or not.
For this reason, a short introduction to the terminology of (propositional) logic as
used within this theses will be given, essentially following (Schöning, 1995).

Let P be a countable set of symbols with typical elements p, p1, p2, . . ., so-called
(atomic) propositions, let V be a countable set of variables with typical elements
x and y, let Sl = {∧,∨,¬} be the set of “basic” logical symbols and let Sa =
{+,−, ∗, /, <,≤,=,≥, >} be the set of arithmetical symbols. P , V , Sl and Sa are
pairwise dissimilar. Let true and false be two dissimilar symbols not already
contained in P , that means true, false 6∈ P , true 6= false.

Definition 2.1.1 (Terms)
For V being a countable set of variables, the set T (V) of terms over V —with typical
elements T, T1, T2—is defined inductively:

1. If x ∈ V , then x ∈ T (V)

2. If T1, T2 ∈ T (V), then (T1 + T2) ∈ T (V),

3. If T1, T2 ∈ T (V), then (T1 − T2) ∈ T (V),

4. If T1, T2 ∈ T (V), then (T1 ∗ T2) ∈ T (V),

5. If T1, T2 ∈ T (V), then (T1/T2) ∈ T (V),

6. T (V) is the minimal set with those properties

For T ∈ T (V), let V ar(T ) ⊂ V be the set of variables in T , that means the (finite)
subset of V containing all variables appearing in T .

Definition 2.1.2 (Formulae)
For V being a countable set of variables and P being a countable set of atomic propo-
sitions, the set F(P ,V) of formulae over P ∪V—with typical elements F, F1, F2—is
defined inductively:

1. If T1, T2 ∈ T (V), then (T1 ∼ T2) ∈ F(P ,V), for ∼ ∈ {<,≤,=,≥, >}

2. If p ∈ P , then p ∈ F(P ,V)

3. true ∈ F(P ,V)

7



8 2.1. PRELIMINARIES

4. false ∈ F(P ,V)

5. If F ∈ F(P ,V), then ¬F ∈ F(P ,V)

6. If F1, F2 ∈ F(P ,V), then (F1 ∧ F2) ∈ F(P ,V)

7. If F1, F2 ∈ F(P ,V), then (F1 ∨ F2) ∈ F(P ,V)

8. F(P ,V) is the minimal set with those properties

For F ∈ F(P ,V), let V ar(F ) ⊂ V ∪ P be the set of variables in F , that means
the (finite) subset of V ∪ P containing all variables appearing in F .

The symbols → (implication) and ↔ (equivalence) are seen as abbreviations in
the usual way, that means

F1 → F2
def
= ¬F1 ∨ F2

F1 ↔ F2
def
= (F1 ∧ F2) ∨ (¬F1 ∧ ¬F2).

To avoid ambiguities and for readability (to avoid parenthesis), ¬ has the highest
priority, and ∧ and ∨ have a higher priority than → and ↔. The latter two are of
the same priority, and so are ∧ and ∨. The priorities of the arithmetic operators are
as usual, that means

� ∗ and / are of the same priority, which is higher than the one of + and −

� + and − are of the same priority, which is higher than the one of <,≤,=,≥
and >

� <,≤,=,≥ and > all have the same priority

Furthermore, all binary operators in Sl and Sa as well as → and ↔ are left associa-
tive.

Some more basic notions will now be introduced for use in the sequel.

Formulae built without item 1 in definition 2.1.2 are called propositional formulae.
An atomic formula is a formula built only with items 1, 2, 3 and 4 in definition 2.1.2.
A literal is an atomic formula or its negation (thus built with items 1, 2, 3, 4 and
5 in definition 2.1.2). With respect to an atomic formula a, the literal a is called
positive literal, while ¬a is called negative literal. A clause is a finite disjunction of
pairwise dissimilar literals, that means a formula such as

p1 ∨ p2 ∨ . . . ∨ pn ∨ ¬p′1 ∨ ¬p′2 ∨ . . . ∨ ¬p′m,

with pi, p
′
j being atomic formulae. For n = m = 0, the clause it called empty clause,

written as �, and is semantically equivalent to false.

Normal forms can be defined for formulae, expressing the fact that the formula
has a special structure.
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Definition 2.1.3 (Normal Forms)
Let F be a formula, let {l1, . . . , lk} be a set of literals. F is considered to be in
conjunctive normal form (CNF) if it is a conjunction of clauses, that means if it is
of the form

F =
n∧

i=1

mi∨
j=1

li,j,

with li,j ∈ {l1, . . . , lk} for all i, j. Let F(P ,V)cnf be the set of formulae which are in
CNF.
F is considered to be in disjunctive normal form (DNF) if it is a disjunction of

conjunctions of literals, that means if it is of the form

F =
n∨

i=1

mi∧
j=1

li,j,

with li,j ∈ {l1, . . . , lk} for all i, j. Let F(P ,V)dnf be the set of formulae in DNF.
F is considered to be in negation normal form (NNF) if it only contains the logical

operators ∧,∨ and ¬, and negations appear only in front of literals. Let F(P ,V)nnf

be the set of formulae in NNF.
All logical formulae can be converted into an equivalent formula in CNF (see

appendix A.1.3), DNF (see appendix A.1.4) and NNF (see appendix A.1.2) through
elimination of double negation and repeated application of the distributive law and
de Morgan’s rules (see appendix A.1.1), although this may lead to an exponential
explosion of the formula.

Most SAT solver work with formulae in CNF. The advantage in using a CNF
formula representation is that—for the formula to be satisfied—all clauses have to be
satisfied (that means have to evaluate to tt). This is fulfilled if within every clause,
at least one literal is interpreted as tt. If one such literal is found for a clause, the
other literals are no longer important for the satisfiability of the formula. Proofs
using formula in CNF are therefor more efficient, and most algorithms working
on CNF are much more efficient than algorithms working on arbitrary formulae.
Furthermore, CNF is needed for resolution proofs (see definition 2.2.1 on page 15).

Remark 2.1.4 (CNF as Set of Clauses)
As a formula in CNF is a conjunction of clauses by definition, it is possible to unam-
biguously identify the formula by the set of clauses it is built from. Equivalently, an
arbitrary formula (which is not necessarily in CNF) may be unambiguously identi-
fied by the set of its conjunctive elements. Therefor, for convenience, the notations
shall be seen as equal.

Example 2.1.5 (CNF, DNF and NNF)
Consider the formulae

F1 = (¬p1 ∨ p2) ∧ (¬p2 ∨ p1)

and
F2 = (p1 ∧ p2) ∨ (¬p2 ∧ ¬p1)

The formulae are semantically equivalent, formula F1 is in CNF, while F2 is in DNF.
Both formulae are in NNF.

It is also possible to denote F1 as {(¬p1∨p2), (¬p2∨p1)} (see remark 2.1.4).
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All simple conjunctions1 are in CNF, as they are a conjunction of clauses contain-
ing only one literal each. But also all simple disjunctions are in CNF, as they are
a conjunction of a single clause. With the same argument, all simple conjunctions
and disjunctions are in DNF.

Mappings are used in various cases, thus, some notations for mappings are intro-
duced.

Remark 2.1.6 (Notations for Mappings)
For two mappings f : A→ B and f ′ : B′ → C, with B ⊆ B′, the composition f ′ ◦ f
is defined as the consecutive application of f and f ′, denoted as f ′(f(a)):

(f ′ ◦ f) : A→ C

a 7→ f ′(f(a))

For two mappings σ1 : A → B and σ2 : A′ → B′, with A ∩ A′ = ∅, the coproduct
of σ1 and σ2, denoted by σ1 ⊕ σ2, is defined as

(σ1 ⊕ σ2)(v) =

{
σ1(v),v ∈ A
σ2(v),v ∈ A′

A special mapping is the identity, denoted by id, which maps every element to
itself:

id : A→ A

a 7→ a

Substitutions are special mappings, which are going to be used when defining the
formula representation of timed automata (definition 3.3.11).

Definition 2.1.7 (Substitution)
Let V be a set of variables, and let P be a set of symbols. A substitution Θ is a
finite mapping

Θ : V ∪ P → T (V) ∪ F(V ,P)

Θ = {v1/T1, . . . , vn/Tn, p1/F1, . . . , pm/Fm}, (n,m ∈ N)

from variables and propositional symbols to terms and propositional formulae, re-
spectively, with

� v1, . . . , vn ∈ V are pairwise dissimilar variables

� T1, . . . , Tn ∈ T (V) are terms

� p1, . . . , pm ∈ P are pairwise dissimilar symbols

� F1, . . . , Fm ∈ F(V ,P) are formulae

1A simple conjunction is a formula like p1 ∧ p2 ∧ ¬p3, that means a conjunction of literals.



CHAPTER 2. FUNDAMENTALS 11

For X being a term or formula and

Θ = {v1/T1, . . . , vn/Tn, p1/F1, . . . , pm/Fm}

being a substitution, the application of Θ to X, denoted by XΘ, is defined induc-
tively on the structure of X. Let v and p be a variable and a symbol, respectively,
let T1, T2 ∈ T (V) be terms and let F1, F2 ∈ F(P ,V) be formulae.

vΘ =

{
Ti

v,

for v = vi for some i ∈ {1, . . . , n} and (vi/Ti) ∈ Θ

otherwise

pΘ =

{
Fi,

p,

for p = pi for some i ∈ {1, . . . ,m} and (pi/Fi) ∈ Θ

otherwise

(T1 ∼ T2)Θ = T1Θ ∼ T2Θ, for ∼ ∈ {+,−, ∗, /} ∪ {<,≤,=,≥, >}
(F1 ∼ F2)Θ = F1Θ ∼ F2Θ, for ∼ ∈ {∧,∨}

(¬F1)Θ = ¬(F1Θ)

A single element (xi/Xi) ∈ Θ is called binding and means Θ(xi) = Xi. For xi

being a variable and Xi being a term, Xi is said to be bound to xi, and xi is said to
be instantiated by Xi. For xi being a symbol and Xi being a formula, the parlance
is defined in the same way.

For two substitutions

Θ1 = {x1/X1, . . . , xn/Xn} and

Θ2 = {y1/Y1, . . . , ym/Ym},

the composition of Θ1 and Θ2, denoted by Θ1Θ2, is obtained from the set

{x1/X1Θ2, . . . , xn/XnΘ2, y1/Y1, . . . , ym/Ym}

by removing all bindings

� yj/Yj with yj ∈ {x1, . . . , xn}, j ∈ {1, . . . ,m}

� xi/XiΘ2 with XiΘ2 = xi, i ∈ {1, . . . , n}

Note that the application of a substitution

Θ = {v1/T1, . . . , vn/Tn, p1/F1, . . . , pm/Fm}

to a term or variable is well-defined due to the fact that v1, . . . , vn and p1, . . . , pm

are pairwise dissimilar.
For V being a countable set of variables and xi ∈ V, let Di be the range (set of

possible values) of xi. Di may be finite as well as infinite. Let D be the union of all
ranges of variables in V ,

D = D1 ∪D2 ∪D3 ∪ . . . .
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Definition 2.1.8 (Interpretation)
An interpretation is a mapping from variables to a range or a set of ranges:

σ : V → D,

assigning to every variable v ∈ V a value out of its range Di ⊆ D. The class of
possible interpretations for a given set of variables V is denoted by Int(V).

The semantics of terms and formulae is conceptually defined via two interpre-
tations I and β. For a proposition p ∈ P , I is a mapping from P to the set Bof
Boolean values, that is

I : P → B,

with B = {tt, ff}. tt denotes the Boolean value “1”, sometimes written as “true”
or “>”, while ff denotes the Boolean value “0”, sometimes written as “false” or
“⊥”. I is also called a truth-value interpretation. For a variable xi ∈ V , β assigns a
value di ∈ Di to it, that is

β : xi → Di for every xi ∈ V .

β is called a variable assignment.
I(p) denotes the truth value of proposition p under the interpretation I, and

β(x) denotes the value of variable x under the interpretation β, respectively. For
a proposition p, we also write I |= p for I(p) = tt and I 6|= p for I(p) = ff,
respectively.

Definition 2.1.9 (Semantics of Terms)
The semantics of terms

IJT K(σ) : T (V)→ D

with regard to an interpretation σ = I ⊕ β, σ ∈ Int(V ∪ P) being the coproduct of
a truth-value interpretation I and a variable assignment β is defined inductively as

1. IJxK(σ) = β(x)

2. IJT1 + T2K(σ) = IJT1K(σ) + IJT2K(σ)

3. IJT1 − T2K(σ) = IJT1K(σ)− IJT2K(σ)

4. IJT1 ∗ T2K(σ) = IJT1K(σ) ∗ IJT2K(σ)

5. IJT1/T2K(σ) = IJT1K(σ)/IJT2K(σ)

Definition 2.1.10 (Semantics of Formulae)
The semantics of formulae

IJF K(σ) : F(P ,V)→ B

with regard to an interpretation σ = I ⊕ β, σ ∈ Int(V ∪ P) being the coproduct of
a truth-value interpretation I and a variable assignment β is defined inductively as
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1. IJT1 ∼ T2K(σ) = tt iff (IJT1K(σ) ∼ IJT2K(σ)) = tt, for ∼ ∈ {<,≤,=,≥, >}

2. IJpK(σ) = I(p)

3. IJtrueK(σ) = tt

4. IJfalseK(σ) = ff

5. IJ¬F K(σ) = tt iff IJF K(σ) = ff

6. IJF1 ∧ F2K(σ) = tt iff (IJF1K(σ) = tt and IJF2K(σ) = tt)

7. IJF1 ∨ F2K(σ) = tt iff (IJF1K(σ) = tt or IJF2K(σ) = tt)

Note that true and false are constants introduced for convenience, denoting the
formulae which always evaluate to tt and ff, respectively.

An interpretation σ satisfies a formula F—written as σ |= F—iff IJF K(σ) =
tt. σ is called model of F iff σ |= F . F is called satisfiable iff there exists an
interpretation σ such that IJF K(σ) = tt, otherwise it is called unsatisfiable. F is
called valid—written as |= F—iff all interpretations σ (of its signature) satisfy it.

Definition 2.1.11 (Corresponding Signature)
Let S = {T1, . . . , Tn, F1, . . . , Fm}, n,m ≥ 0, be a set of terms Ti and formulae Fj.
The corresponding signature Σ(S) of S is the set of variables appearing in the terms
and formulae of S:

Σ(S)
def
= V ar(T1) ∪ . . . ∪ V ar(Tn) ∪ V ar(F1) ∪ . . . ∪ V ar(Fm)

Definition 2.1.12 (Calculus)
Let M be a set of formulae. A calculus or proof system C on M is a finite set of
(proof) rules, each rule being a decidable relation on M . The set notation for a
single proof rule R is

R = {(F1, . . . , Fn, Fn+1) | where B(F1, . . . , Fn+1)},

with Fi (1 ≤ i ≤ n+1) being schemes for formulae which have to fulfil the decidable
condition B. F1, . . . , Fn are called the premises of R, Fn+1 is called the conclusion
of R.

In addition, the following syntax will be used:

R :
F1, . . . , Fn

Fn+1

, where B(F1, . . . , Fn+1),

A proof rule without premises is called axiom.

Definition 2.1.13 (Calculus Proof)
Let F be a formula, G a set of formulae and C a calculus. A proof of F from
premises G in C , denoted as G `C F (or just G ` F ), is a finite sequence of formulae
G1, . . . , Gn, F , such that every formula Gi (1 ≤ i ≤ n) is
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1. either a premise (that means contained in G: Gi ∈ G) or

2. an axiom of C (that means a rule without premises) or

3. there exists a proof rule R ∈ C and formulae Gi1 , . . . , Gik (i1, . . . , ik < i) such
that R = {(Gi1 , . . . , Gik , Gi)}.

A formula Gi obtained from item 3 in definition 2.1.13 is said to be the result
or conclusion of applying proof rule R to premises Gi1 , . . . , Gik , F is called the
conclusion of the proof.

For readability, calculus proofs may be represented as a tree. As a single proof rule
R = {(G1, . . . , Gk, Gk+1)} of calculus C represents a proof of Gk+1 from G1, . . . , Gk

in C, the tree representation is also defined for proof rules.

Remark 2.1.14 (Tree Representation of a Calculus Proof)
Let F be a formula, G be a set of formulae and C be a calculus. Let (G1, . . . , Gn, F )
be a proof of F from premises G in C. The tree representation of this proof is a finite
ordered tree, constructed from the proof as follows:

� For every Gi in (G1, . . . , Gn, F ) which is a premise obtained from G (item 1 in
definition 2.1.13), there exists a unique leaf node labelled with Gi

� For every Gi in (G1, . . . , Gn, F ) which is an axiom obtained from C (item 2 in
definition 2.1.13), there exists a unique leaf node labelled with Gi

� For a set of formulae {Gi1 , . . . , Gik} in (G1, . . . , Gn, F ) and a proof rule R =
{(Gi1 , . . . , Gik , Gi)}, (i1, . . . , ik < i) with premises Gi1 , . . . , Gik and a formula
Gi such that Gi is obtained from applying R to Gi1 , . . . , Gik , there exists a
unique node labelled with Gi which is successor of all nodes labelled with
Gi1 , . . . , Gik . In case Gi = F , this node is the root node of the tree, otherwise
it is an inner node.

For an example of the tree representation of a calculus proof, please consider
example 2.2.2 on the next page.

2.2. Resolution

In 1965, J.A. Robinson presented a new method to combine the up to that day not
directly associated approaches in automatic theorem-proving2 - substitution and
truth-functional analysis of the results - into a new one: The resolution calculus
(Robinson, 1965). The calculus is based on just one inference rule, the resolution
rule, which particularly means it does not contain any axioms. The basic resolution
principle works with formulae in CNF, represented as clause sets:

2Automatic theorem-proving means usage of computers to deduce logical formulae from premises.
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Definition 2.2.1 (Propositional Resolution Rule)
Let A = (A1 ∨A2 ∨ . . . An) and B = (B1 ∨B2 ∨ . . . Bm) be two clauses, and L be a
literal. The propositional resolution rule is

A ∨ L, B ∨ ¬L
A ∨B

The conclusion of the resolution rule is called resolvent . A proof of A∨B from A∨L
and B ∨ ¬L is also called resolution (step) on L.

Robinson proved the calculus to be sound (that means resolvents are logical con-
sequences of the premises3) and refutation complete. Refutation complete means:
Whenever two formulae A and B are unsatisfiable, a contradiction (the empty clause
in this case) is derivable by resolution. In this way, the calculus is simple but pow-
erful.

In general, resolution is used to check formulae for satisfiability and validity. At its
actual meaning, resolution shall only be used to show unsatisfiability, as satisfiability
for arbitrary formulae is not decidable4. Nevertheless, it is possible to show validity
by proving the unsatisfiability of the negation.

Example 2.2.2 (Resolution Proof, Tree Representation)
Consider the set of propositional clauses {(a∨b∨c), (a∨¬c), (¬a∨d), (¬d∨b), (¬b)}.
The set can be proved to be inconsistent by the following resolution proof:

(a ∨ b ∨ c) (a ∨ ¬c) (¬a ∨ d) (¬d ∨ b) (¬b)

(a ∨ b)

(b ∨ d)

(b)

�

2.3. SAT Solver Tools

2.3.1. Overview

Given a propositional formula, the problem whether there exists a satisfying assign-
ment such that the formula evaluates to tt is called “Boolean Satisfiability Problem
(SAT)”. A SAT solver thus is a tool deciding whether the formula is satisfiable or
not, and, in case it is, returns a satisfying assignment. Since SAT is an NP-complete

3It is quite obvious that every valuation satisfying the premises will also satisfies the resolvent.
4For a propositional formula, satisfiability is decidable with at most exponential complexity.
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problem (Cook, 1971) with complexity in O(n2) in the worst case (n being the num-
ber of different variables appearing in the formula)5, a main task when designing a
SAT solver is to improve efficiency (see for example (Moskewicz et al., 2001)).

For this reason, most SAT solver are based on the Davis-Putnam search algorithm
(Davis & Putnam, 1960) or the Davis-Loveland-Logemann search algorithm (Davis
et al., 1962), the latter being an improved version of the former. Both of them
work with resolution, and thus with formulae in CNF. The formula to be checked
is unsatisfiable if the empty clause can be derived from the original clauses. As
both algorithms have great space requirements, they are combined with heuristic
local search (Aarts & Lenstra, 1997) or methods for boolean constraint propagation
(Apt, 2000) in most implementations.

In heuristic local search techniques, a neighbouring function is defined on the set
of possible valuations for the variables contained in the formula, denoting the fact
that a certain valuation is “close” to another one (for example by switching the
value of only one variable). Furthermore, the neighbouring function denotes which
valuation of the two is “better” with regard to the satisfiability of the formula. Both
relations of being close and being better are heuristics and strongly depend on the
formula.

Heuristic local search works iteratively: Starting from some initial valuation, the
algorithm checks whether there exists a valuation which is close the actual one but
better. If so, this one is taken over and the search for a better valuation starts again.
Further heuristics are needed to avoid being stuck with some unsatisfying valuation
although the formula itself is satisfiable (local optima).

Boolean constraint propagation is a technique to propagate known constrains and
restrictions on the variables of the formula as early as possible. Therefor, required
valuations are deduced as early as possible: If all literals but one contained in a
clause are set to false by the decision procedure, the remaining literal has to be
set to tt for the formula to be satisfiable (only possible for formulae in CNF).

SAT solver nowadays become more and more important, as many practical prob-
lems may be reduced to Boolean formulae such that SAT solver are applicable.
Application ranges are for example planning problems in artificial intelligence, au-
tomatic test generation, and as one of the major fields surely model checking and
verification. Well-known publicly available SAT solver are for example GRASP
(Marques-Silva & Sakallah, 1999), SATO (Zhang, 1997), Chaff (Moskewicz et al.,
2001) and FOCI.

2.3.2. The Interpolating Theorem Prover FOCI

FOCI is a command line based tool, developed by Kenneth L. McMillan (FOCI,
2005). The abilities of FOCI extend those of a pure SAT solver, in that it provides an
implementation of first order craig interpolation for the combined theories of Boolean
and numeric variables: FOCI is able to solve propositional formulae (containing
disjunction, conjunction and negation) as well as linear (in)equalities on numeric

5The brute-force solution to solve the satisfiability problem is to simply try all possible assign-
ments. These are n2 possible assignments for n variables.
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variables (containing the relational operators =, ≤ and the arithmetical operators
+ and ∗). The input language of FOCI thereby uses a prefix notation.

Numeric variables are handled using either an integer or a rational interpretation,
which one to use is declared by a command line option. This means in particular that
it is not possible to use both numeric interpretations at the same time for variables
in the same input file. Another command line option is whether to allow universally
quantified variables in the interpolants or not. This is prohibited by default, and will
not be used within this thesis. For more details on quantified interpolants, please
refer to (McMillan, 2004), for example.

Using the integer interpretation, FOCI is complete only for separation formulae,
that means formulae where the arithmetic expressions are of the form x ≤ y + c
or x ≤ c, with c being a numeric constant. For rational interpretation, FOCI is
complete for arbitrary formulae. Within the context of this thesis, the rational
interpretation will be used, see also section 3.2.

With regard to the interpolants obtained for a formula sequence, FOCI is able to
perform symmetric and asymmetric interpolation. The asymmetric interpolation—
which is going to be used here—will be presented in chapter 5. For further informa-
tion about symmetric interpolation, please consider (McMillan, 2005a).

2.4. Timed Automata

Timed automata were introduced by R. Alur and D. L. Dill in 1994 (Alur & Dill,
1994) as an extension of Büchi-automata (which are again an extension of finite
automata, see for example (Thomas, 1990)), to model the behaviour of real-time
systems over time. When talking about time, there are mainly two choices for the
time domain: Discrete time (with time values ∈ N) and continuous time (with time
values ∈ R). While discrete time is close to hardware implementation of realtime
systems (in that a discrete time step can be taken with every trailing edge, for exam-
ple), continuous time is a more realistic approach (as real time indeed is continous).
For this reason, only continuous linear time shall be considered here, that is

Time = R≥0.

As in Büchi-automata, the behaviour is represented by an infinite sequence of ac-
tions, which for timed automata is paired with an infinite sequence of (real-valued)
times. Conceptually, this leads to a sequence of pairs, each pair consisting of an ac-
tion and a time stamp, with the intended meaning that the action takes place at that
time. In the automaton model presented here, there are two types of actions: visible
and invisible actions. The visible actions are used for synchronisation of automata,
while the invisible actions are used for an internal step of a single automaton (that
means independent from other automata). The underlying idea is that transitions
are instantaneous and time may only elapse when the automaton remains in one of
its states.

For time measurement, every timed automaton has a finite set of clock variables
(or simply clocks) ranging over Time. Transitions may only be taken if the current
values of the clocks satisfy the associated constraints, and transitions may reset
clocks to 0.
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2.4.1. Syntax

Essentially following (Alur & Dill, 1994) and (Alur, 1999), the syntax of timed
automata will now be defined formally.

Transitions of timed automata are associated with clock constraints (also called
guards) restricting the possibilities to fire the transition, that means a transition
may only be taken if the current values of the clocks satisfy the guard. An invariant
is assigned to every state constraining the values of clocks for which the automaton
may remain in this state.

Definition 2.4.1 (Guards, Invariants, Clock Constraints)
Let X ⊂ V be a finite set of real-valued variables, called clocks.

a) The set ΦG(X) ⊂ F(∅, X) of guards over X is defined by the set of formulae
which is built with items 1 and 3’ in definition 2.1.1 on page 7 and items 1’, 3,
4, 5, 6 and 7 in definition 2.1.2 on page 7, where item 1’ is a slightly modified
version of item 1 from 2.1.2 and 3’ is a slightly modified version of item 3
from 2.1.1:

1’. If T1 ∈ T (X), d ∈ Q, then (T1 ∼ d) ∈ F(∅, X), for ∼ ∈ {<,≤,=,≥, >}
3’. If x1, x2 ∈ V , then (x1 − x2) ∈ T (V)

b) The set ΦI(X) ⊂ F(∅, X)) of invariants over X is defined by the set of formu-
lae which is built with items 1 and 3’ in definition 2.1.1 on page 7 and items
1’, 3, 4 and 6 in definition 2.1.2 on page 7, with 1’ and 3’ as defined as above.

Both guards and invariants are called clock constraints (over X), where Φ(X) de-
notes the set of all clock constraints.

Thus, a guard ϕ may be described with the BNF-grammar

ϕ = x ∼ c | x− y ∼ c | true | false | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | ¬ϕ1,

while an invariant ϕ may be described with the BNF-grammar

ϕ = x ∼ c | x− y ∼ c | true | false | ϕ1 ∧ ϕ2,

for x, y being clocks, c being a rational constant and ∼ ∈ {<,≤,=,≥, >}.
The restriction to rational time constants is needed for decidability of emptiness

and reachability of timed automata (see for example (Alur & Dill, 1994) or (Alur,
1999)).

The intended meaning of invariants is: The automaton may remain in a state while
time elapses, and as long as the clocks satisfy the invariant, but if the invariant is no
longer fulfilled, the state has to be left immediately. State invariants may thus be
used to force a transition, for example. To ensure this behaviour, invariants have to
be convex (see also (Alur & Dill, 1994)), which is property going to be used in the
formula representation, chapter 3. Convexity of invariants is a semantical property,
so it will be shown later; please refer to lemma 2.4.7 on page 21.

Timed automata working in parallel may synchronise with each other via transi-
tions.
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Definition 2.4.2 (Action Set)
Let A be an alphabet. The action set A?! belonging to A is defined as

A?! = {a? | a ∈ A} ∪ {a! | a ∈ A} ∪ τ,

with τ 6∈ A. Elements of A?! are called visible actions or just actions (with a? being
an input action and a! being an output action), τ is called internal (or invisible)
action. For two actions a! and a?, a is called the underlying channel.

Using this, timed automata may be defined as following.

Definition 2.4.3 (Timed Automaton)
A timed automaton A is a tuple A = (A, S, s0, X, I, E) with

� A is a finite alphabet, the set of events or sometimes called channels ,

� S is a finite set of states,

� s0 ∈ S is the initial state,

� X is a finite set of clocks,

� I : S → ΦI(X) is a mapping assigning an invariant to every state, and

� E ⊆ S × A?! × ΦG(X) × P(X ) × S is the set of transitions. An element
(s, α, ϕ, Y, s′) describes an edge from state s to state s′ on event α. The
transition is labelled with the guard ϕ specifying the enabling constraint, and
resets all the clocks in the set Y .

Let TA be the set of all timed automata.

According to this definition, transitions are labelled either with a visible action
(input or output) or with the internal (and hence invisible from outside) action. The
intended meaning of visible actions is: Two transitions of different timed automata,
where one is labelled with an input action and the other one with an output action
of the same underlying channel may only fire simultaneously. The actions are thus
used for synchronisation.

In contrast to that, the internal action τ is used to represent a transition inde-
pendent from other automata. Thus, when working with a single automaton, all its
transitions have to be labelled with the internal action. For readability, τ may be
omitted (transitions are written as (s, ϕ, Y, s′) then) as well as invariants and guards
equal to true.

Example 2.4.4 (Timed Automaton)
Consider the timed automata in figure 2.1 on the next page, modelling an “intel-
ligent” light controller, and a human pressing it. The automaton representing the
human pressing the light switch consists of only one state and a loop labelled with
press!, meaning the human presses the switch nondeterministically. The controller
consist of three states, representing the three possible states of the light, and a clock
x. In its initial state, the light is off. On event press (that means the “controller
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automaton” executes a transition labelled with action press?, while the “human au-
tomaton” executes a transition labelled with action press!), the light switches on,
and x—or, in more detail, all elements in the set {x}—is set to 0. If the light switch
is pressed again within 3 seconds, the light becomes brighter (guaranteed by the
guard x ≤ 3). Otherwise, it is turned off.

off light bright user
press?

x := 0

press?

x ≤ 3

press?, x > 3

press?

press!

Figure 2.1.: Intelligent light controller

2.4.2. Semantics

To define the semantics of timed automata, first the concept of valuations for clocks
is needed.

Definition 2.4.5 (Valuation)
Let X and Y be sets of clocks, with Y ⊆ X, let x ∈ X be a clock and t ∈ Time. A
valuation ν of the clocks in X is a mapping

ν : X → Time

assigning a real value to each clock. ν(x) denotes the actual value of x under the
valuation ν. V alX denotes the set of all possible valuations for the set of clocks X,

V alX = X → Time.

The restriction of ν from X to Y , denoted by ν|Y , for a clock x is defined by

ν|Y (x) =

{
ν(x), if x ∈ Y
undefined, if x ∈ X \ Y

That means for all clocks x ∈ Y , ν|Y assigns to them the same value as ν. For all
clocks x ∈ X \ Y , the value of x under ν|Y is not defined.

For a valuation ν and a clock constraint ϕ (as defined in definition 2.4.1),

ν |= ϕ

means ν satisfies ϕ. This is defined inductively, using definitions 2.1.9 and 2.1.10 on
page 12.
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In addition to the above definition, two operations on valuations are needed.

Definition 2.4.6 (Timeshift, Modification)
Let X and Y ⊆ X sets of clocks, let ν : X → Time be a valuation, let x ∈ X be a
clock and let t ∈ Time.

The timeshift operation, denoted by ν + t, increases all clocks simultaneously by
a given amount of time:

(ν + t)(x) = ν(x) + t

for all clocks x. The intended meaning is: “time t elapses”.
The modification operation, denoted by ν[Y := t], resets the values of a given set

of clocks and leaves the others unchanged:

ν[Y := t](x) =

{
t, x ∈ Y
ν(x), otherwise

The intended meaning is: “all clocks x ∈ Y are reset to t, while all clocks x 6∈ Y
keep their value.”

Using definitions 2.4.5 and 2.4.6, an important property of invariants can be
proved: Invariants are convex under timeshift operation (see also (Alur & Dill,
1994)). Roughly speaking, this means: Whenever two valuations ν and ν + t sat-
isfy the invariant of a certain state s, then all valuations “in between”—that means
valuations ν + t′ with t′ ≤ t—also satisfy the invariant. This will now be shown
formally.

Lemma 2.4.7 (Convex invariants)
Let A = (A, S, s0, X, I, E) be a timed automaton, let t ∈ Time, let ν, ν+t ∈ V alX be
valuations, let s ∈ S be a state, and let I(s) be the invariant of s defined according
to definition 2.4.1. Then I(s) is convex under timeshift operation, that means

(ν |= I(s)) ∧ (ν + t |= I(s))⇒ ∀t′ ∈ Time, t′ ≤ t : (ν + t′ |= I(s)) (2.1)

Proof. Let x, y ∈ X be clocks, ∼ ∈ {<,≤,=,≥, >} and c be a rational constant.
Consider a time interval of length t, and let (ν |= I(s)) and (ν + t |= I(s)) (that
means the invariant is satisfied at the beginning and at the end of the time interval).
The proof is done inductively on the structure of I(s).

IA: I(s) = x ∼ c:

(ν |= I(s)) and (ν + t |= I(s)) by precondition, that means ν(x) ∼ c and
(ν+t)(x) ∼ c by definition of valuation (definition 2.4.5). Thus, (ν+t′)(x) ∼ c
for all t′ ≤ t by definition of timeshift and the arithmetical operators6, and
hence (ν + t′ |= I(s)).

I(s) = x− y ∼ c:

6Consider for example the arithmetical operator “≥”. For t, t′ ∈ Time, t > t′: If ν(x) ≤ c, and
(ν + t)(x) ≤ c for t ≥ 0, then also (ν + t′)(x) ≤ c. That means: If the value of clock x is less or
equal to c at some time, and time t later still is less or equal to c, than the value of x is less or
equal to c for all points in time in between, that means for all t′ < t.



22 2.4. TIMED AUTOMATA

(ν |= I(s)) and (ν + t |= I(s)) by precondition, that means (ν(x)− ν(y) ∼ c)
and ((ν+ t)(x)− (ν+ t)(y) ∼ c) by definition of valuation. Thus, ((ν+ t′)(x)−
(ν + t′)(y) ∼ c) by definition of timeshift (the value of the difference does not
change, as the clocks are increased simultaneously), and hence (ν+ t′ |= I(s)).

IH: For two invariants ϕ1 and ϕ2 as defined by definition 2.4.1, let (ν + t′ |= ϕ1)
and (ν + t′ |= ϕ2).

IS: I(s) = ϕ1 ∧ ϕ2:

(ν |= I(s)) and (ν+t |= I(s)) by precondition, that means (ν |= ϕ1), (ν |= ϕ2),
(ν + t |= ϕ1) and (ν + t |= ϕ2) by definition of valuation. Thus, (ν + t′ |= ϕ1)
and (ν+ t′ |= ϕ2) by definition of timeshift and IH, and also (ν+ t′ |= ϕ1∧ϕ2)
by definition of ∧. Hence, (ν + t′ |= I(s)).

Obviously, allowing invariants to be built with any other formula rules (from
definition 2.1.2) than those mentioned in definition 2.4.1 destroys convexity, consider
the following example:

Example 2.4.8 (Non-convex clock constraints)
For A = (A, S, s0, X, I, E) being a timed automaton and x, y ∈ X, consider the
“clock constraints”

ϕ1 = (x ≤ 5) ∨ (y ≥ 7)

ϕ2 = ¬((x > 5) ∧ (y < 7))

and the valuations ν and ν ′, with ν(x) = 4, ν(y) = 4 and ν ′ = ν + 4, that means
ν ′(x) = 8 and ν ′(y) = 8.

Evidently, ν and ν ′ satisfy ϕ1 and ϕ2, but for t ∈ Time, t = 2, ν ′′ = ν + t does not
satisfy ϕ1 and ϕ2. Thus ϕ1 and ϕ2 are not convex in terms of lemma 2.4.7.

Furthermore, in (Alur & Dill, 1994) and (Alur, 1999), the authors show that for
most generalisations of clock constraints (for example allowing more than two clocks
in an atomic formula), reachability of states—as used within the properties to be
checked here, see section 1.1—is no longer decidable.

Zeno behaviour describes the fact that an infinite sequence of times t0, t1, t2, . . .,
ti ∈ Time, converges to an upper bound n < ∞. As real time surely is unbounded,
zeno behaviour has to be avoided for timed automata, therefor, the concept of a
real-time sequence is needed.

Definition 2.4.9 (Real-time Sequence)
An infinite sequence

(t0, t1, t2, t3, . . .)

of values ti ∈ Time is called real-time sequence iff it satisfies

1. monotony: for all i ≥ 0 : ti < ti+1

2. unboundedness: for all t ∈ Time, there exists an i ≥ 1 : ti > t
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The second property is also called non-zenoness .

According to (Alur, 1999), the operational semantics of a timed automaton is
defined by associating a transition system to it.

Definition 2.4.10 (Labelled Transition System (LTS))
A (labelled) transition system S is a tuple S = (Q, q0, A,→) with

� Q is a set of states,

� q0 ∈ Q is the initial state,

� A is a finite alphabet, the set “labels”, and

� →⊆ Q× A×Q is the set of transitions.

The operational semantics of a timed automaton is now given by the following
(labelled) transition system.

Definition 2.4.11 (Semantics of a Timed Automaton)
Let A = (A, S, s0, X, I, E) be a timed automaton. The associated (labelled) transi-

tion system SA is SA
def
= (QA, (s0, ν0), Time ∪ A?!,→) where

� QA ⊆ S × V alX is the set of configurations of A. A configuration is a pair
(s, ν) of a state s of A and a valuation ν, such that ν satisfies the invariant
I(s) of s, that means ν |= I(s);

� (s0, ν0) ∈ QA is the initial configuration (also called initial state), with ν0(x) =
0 for all clocks x;

� there are two types of transitions in SA, modelling two different “situations”
in A

– Elapse of time: Represents the automaton remaining in some state while
time elapses. For t ∈ Time, t > 0, (s, ν) ∈ QA:

(s, ν)
t→ (s, ν + t)

iff ν + t′ |= I(s) for all 0 ≤ t′ ≤ t. Note that the restriction to values > 0
does not constrain the possible behaviour of the automaton but is used

to prevent “useless” transitions of the form (s, ν)
0→ (s, ν)

0→ (s, ν) . . . as
well as for ease of representation, see definition 3.3.21 on page 54.

A transition of this form is called delay transition or delay step with
delay t.

– Change of state: Represents a state change in the automaton. For (s, ν) ∈
QA and (s, τ, ϕ, Y, s′) ∈ E such that ν |= ϕ:

(s, ν)
τ→ (s′, ν[Y := 0])

A transition of this form is called action transition (with action τ)7.

7Remember that visible actions are used for synchronisation of automata only. For this reason,
action transitions of a single automaton are only defined for the internal action τ .
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A run of SA (or trace in A) is an infinite sequence of configurations (si, νi) ∈ QA
starting in (s0, ν0):

(s0, ν0)
α1−→ (s1, ν1)

α2−→ (s2, ν2)
α3−→ (s3, ν3)

α4−→ . . .

with

� ∀i ≥ 1 : αi ∈ A?!∪Time, that means either a delay step or an action transition
is taken

� Let (αi1 , αi2 , αi3 , . . .) be the maximal subsequence of (α1, α2, α3, . . .) with αij ∈
Time. The sequence (αi1 , αi1 + αi2 , αi1 + αi2 + αi3 , . . .) is a real-time sequence

According to the definition of labelled transition system, elements in α ∈ A?!∪Time
are called labels . For a trace t, the sequence of labels (α1, α2, α3, . . .) is also called
the observable behaviour.

The semantics of automaton A is given by the set of all possible traces of SA,
denoted by TraceA. For TA being the set of all timed automata (see definition
2.4.3), TraceTA denotes the set of all traces for arbitrary automata.

If only finite prefixes are used, let

TraceA,k = {rk | ∃r ∈ TraceA, rk is prefix of r of length k} and

TraceTA,k = {rk | ∃r ∈ TraceTA, rk is prefix of r of length k}

be the set of finite prefixes of length k of traces in TraceA and TraceTA,k, respectively.
Elements in TraceA,k ∪ TraceTA,k are called finite traces or traces of length k.

Note that in (Alur & Dill, 1994) and (Alur, 1999), the definition of semantics for
a single timed automaton allows action transitions labelled with a visible action.
In contrast to that, although definition 2.4.3 allows transitions labelled with visible
actions, these transitions do not contribute to the semantics of a single automaton
(as a transition of the timed automaton used to define an action transition of the
associated labelled transition system must be labelled with the internal action τ).
Transitions labelled with visible actions are only needed when systems of timed
automata are defined (see section 2.4.3).

From definitions 2.4.7 and 2.4.11 follows:

Remark 2.4.12 (Time-additivity)
For two consecutive delay steps in a trace, time-additivity holds, that means if

(s, ν)
t1−→ (s, ν1) and (s, ν1)

t2−→ (s, ν2), then also (s, ν)
t1+t2−→ (s, ν2), for t1, t2 ∈ Time.

Note that regarding reachability, timed automata with invariants are semantically
equivalent (using the semantics defined in definition 2.4.11) to timed automata with-
out invariants. The intuitive idea to proof this is to shift the invariant of some state
s to ingoing and outgoing transitions of s.

Lemma 2.4.13 (Equivalence of timed automata with and without invari-
ants)
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Let A = (A, S, s0, X, I, E) be a timed automaton with invariants, let ν0 |= I(s0), for
ν0(x) = 0 for all clocks x ∈ X and I(s0) being the invariant of s0

8. There exists a
timed automaton BA = (A, S, s0, X,>, EB), with

> : S → {true}

which has the same semantics and does not contain invariants.

Proof. For every state, its invariant will be shifted to in- and outgoing transitions,
that means clock constraints will be added to these. In this way, the invariant has
to hold at the time where the automaton enters the state, and at the time where
the automaton leaves it. Due to lemma 2.4.7 (convex invariants), the invariant will
hold in between, too.

For a state with invariant ϕ and an ingoing transition e, auxiliary function in
describes the clock constraint which has to be added to the guard of e. Attention
has to be paid to the set of clocks reset by e, as the values of these clocks would
be 0 at the time the automaton enters the state. Therefor, in substitutes every
occurrence of a reset clock with 0.

Let e = (s, α, ϕ, {y1, . . . , yn}, s′) be a transition, let Θ = {y1/0, . . . , yn/0} be a
substitution, let ϕ be an invariant. in is given by

in(ϕ, e) = ϕΘ

Note that in(ϕ, e) = ϕ in case ϕ does not contain clocks which are reset by e, that
means Σ(ϕ) ∩ Y = ∅. Furthermore, Σ(ϕΘ) ∩ Y = ∅ by definition of substitution
(definition 2.1.7).

For every state s ∈ S, let I(s) be the invariant of s. Using this, EB can be defined
as

EB =

{
eB

∣∣∣∣∣ there exists a transition e = (s, α, ϕ′, Y, s′) ∈ E such that

eB = (s, α, (ϕ′ ∧ in(I(s′), e) ∧ I(s)), Y, s′)

}
(2.2)

The trace semantics of A and BA, as defined in definition 2.4.11, is identical, that
means

TraceA = TraceBA .

In other words, every trace in A also is a trace in BA, and every trace in BA also is
a trace in A9:

� TraceA ⊆ TraceBA : Let t be a trace in A,

t = (s0, ν0)
α1−→ (s1, ν1)

α2−→ (s2, ν2)
α3−→ (s3, ν3)

α4−→ . . .

t is also a trace in BA, as every single step (si, νi)
αi+1−→ (si+1, νi+1) is well-defined

with respect to the transition relation of BA:

8In other words: The invariant for the initial state has to hold if all clocks are set to zero, that
means for the initial configuration ν0

9Equivalence can also be shown for labelled transition systems associated with A and BA, re-
spectively, which is a stronger equivalence than trace equivalence. But as the results regarding
abstraction are based on traces (and not on transition systems), trace equivalence shall be
enough here.
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– If αi+1 = t ∈ Time, then νi+1 = νi + t (by definition of delay step), and
trivially νi+t |= >(si+1) as required by definition of delay step (definition
2.4.11)

– If αi+1 ∈ A?!, there exists a transition e ∈ E, e = (si, αi+1, ϕ, Y, si+1),
such that νi |= ϕ and νi+1 = νi[Y := 0] (by definition of action tran-
sition). Hence, by definition of EB, there exists a transition eB ∈ EB,
eB = (si, αi+1, (ϕ∧ in(I(si+1), e)∧ I(si)), Y, si+1). νi satisfies the guard of
eB because

* νi |= ϕ by precondition

* νi |= I(si) by definition of configuration (otherwise, t would not have
been well-defined)

* νi |= in(I(si+1), e): νi+1 |= I(si+1) by definition of configuration,
that means νi[Y := 0] |= I(si+1) (by definition of action transition).
Obviously, νi[Y := 0](x) = 0 for all clocks x ∈ Y , and therefor
νi[Y := 0] |= I(si+1)Θ. νi[Y := 0] |= in(I(si+1), e) by definition of
in, and finally νi |= in(I(si+1), e) (as Σ(in(I(si+1), e)) ∩ Y = ∅ by
definition of substitution).

Hence, by definition of ∧, νi |= (ϕ ∧ in(I(si+1), e) ∧ I(si)), that means νi

satisfies the guard of eB as required by definition of action transition.

� TraceA ⊇ TraceBA : Let t be a trace in BA,

t = (s0, ν0)
α1−→ (s1, ν1)

α2−→ (s2, ν2)
α3−→ (s3, ν3)

α4−→ . . .

Without loss of generality, let t be minimal with respect to time-additivity (see
also remark 2.4.12), that means for all i ≥ 0:

(αi ∈ Time)⇒ (αi+1 6∈ Time)

In other words, t does not contain two consecutive delay steps. t is also a trace

in A, as every single step (si, νi)
αi+1−→ (si+1, νi+1) is well-defined with respect

to the transition relation of A:

– If αi+1 ∈ A?!, there exists a transition eB ∈ EB, eB = (si, αi+1, ϕB, Y, si+1),
such that νi |= ϕB and νi+1 = νi[Y := 0] (by definition of action
transition). Hence, by definition of EB, there exists a transition e ∈
E, e = (si, αi+1, ϕ, Y, si+1) such that ϕB = (ϕ ∧ in(I(si+1), e) ∧ I(si)),
that means especially |= ϕB → ϕ (as ϕ is one conjunctive element of
ϕB). Thus, trivially νi |= ϕ as required by definition of action transition
(definition 2.4.11).

– If αi+1 = t ∈ Time, then αi+2 6∈ Time by precondition, νi+1 = νi+t by def-

inition of delay step, and the action transition (si+1, νi+1)
αi+2−→ (si+2, νi+2)

is well-defined in BA (as trace t is well-defined in BA). Thus, by definition
ofEB, there exist transitions eB ∈ EB, e ∈ E, eB = (si+1, αi+2, ϕB, Y, si+2),
e = (si+1, αi+2, ϕ, Y, si+2), such that ϕB = (ϕ ∧ in(I(si+2), e) ∧ I(si+1))
and νi+1 |= ϕB. Thus, as I(si+1) is one conjunctive element of ϕB,
νi+1 |= I(si+1) as required by definition of delay step (definition 2.4.11).
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Example 2.4.14 (Timed automaton without invariants)
Consider the timed automaton depicted in figure 2.2(a) representing a watchdog.
State s2 has to be visited at least every 10 seconds, and afterwards has to be left
immediately. If more than 10 seconds elapse, the transition from s0 to s2 is no longer
enabled and the automaton has to take the transition to state s1.

Figure 2.2(b) represents the same automaton after the invariants have been re-
moved according to the above translation (lemma 2.4.13). Note that for explanatory
purposes, the guards have not been simplified in figure 2.2(b).

s0

x ≤ 10
s1

s2

x = 10

x ≥ 10

x < 10,
x := 0

(a) Timed Automaton with Invari-
ants

s0 s1

s2

(x ≥ 10) ∧ true
∧(x ≤ 10)

(x < 10) ∧ true
∧(x ≤ 10),
x := 0

(x = 0)
∧true

(b) Timed Automaton without Invariants

Figure 2.2.: Timed Automaton with and without Invariants

2.4.3. System of Timed Automata

Timed automata may be combined to form a system of automata. Such systems may
be used to realise design decisions, for example, such as distributed systems. The
intended meaning of such a system is that the automata contained in the system are
working in parallel, while synchronizing via transitions labelled with visible actions.

To be able to synchronize, one automaton has to be able to fire a transition labelled
with an input action a?, while the other automaton has to be able to fire a transition
labelled with an output action a!. Furthermore, a? and a! have to be actions of the
same underlying channel. One automaton may also fire a transition labelled with the
internal action τ , which is independant from other automata. Within the system,
either two automata synchronize or one automaton performs an internal action, that
means at most two transitions are fired at the same time.

The following definition combines two timed automata to form a system.

Definition 2.4.15 (Coproduct of Timed Automata)
Let A1 = (A1, S1, s01 , X1, I1, E1) and A2 = (A2, S2, s02 , X2, I2, E2) be two timed
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automata according to definition 2.4.3, with X1 ∩X2 = ∅. The coproduct of A1 and
A2, denoted by A1‖A2, is a new timed automaton A1‖A2 = (A, S, s0, X, I, E), with

� A = A1 ∪ A2,

� S = S1 × S2,

� s0 = (s01 , s02),

� X = X1 ∪X2,

� I(s1, s2) = I1(s1) ∧ I2(s2), for s1 ∈ S1 and s2 ∈ S2,

� The transition relation E is defined as follows:

For e1 = (s1, α1, ϕ1, Y1, s̃1) ∈ E1 and e2 = (s2, α2, ϕ2, Y2, s̃2) ∈ E2 being a
transition of A1 and A2, respectively, such that α1 and α2 are input and
output action of the same underlying channel,

((s1, s2), τ, Y1 ∪ Y2, (s̃1, s̃2)) ∈ E. (2.3)

For e1 = (s1, α1, ϕ1, Y1, s̃1) ∈ E1 being a transition of A1 and s2 ∈ S2 being a
state in A2,

((s1, s2), α1, ϕ1, Y1, (s̃1, s2)) ∈ E. (2.4)

For e2 = (s2, α2, ϕ2, Y2, s̃2) ∈ E2 being a transition of A2 and s1 ∈ S1 being a
state in A1,

((s1, s2), α2, ϕ2, Y2, (s1, s̃2)) ∈ E. (2.5)

As the coproduct of two timed automata is given as one automaton, the semantics
of the coproduct is defined using definition 2.4.11. The intended behaviour of the
system (transitions labelled with a visible action must not fire separately) is guar-
anteed: All traces in TraceA1 and TraceA2 are also contained in TraceA1‖A2 (with
the appropriate extension of states). In more detail: Let

t1 = (s0, ν0)
α1−→ (s1, ν1)

α2−→ (s2, ν2)
α3−→ (s3, ν3)

α4−→ . . . ∈ TraceA1

be a trace in A1, that means {s0, s1, s2, s3} ⊆ S1, {α1, α2, α3, α4} ⊆ A1. There exists
a trace

t′1 = ((s0, s̃), ν0)
α1−→ ((s1, s̃), ν1)

α2−→ ((s2, s̃), ν2)
α3−→ ((s3, s̃), ν3)

α4−→ . . . ∈ TraceA1‖A2 (2.6)

in A1‖A2 with the same observable behaviour. This follows directly from (2.4).
Equivalently, for a trace t2 ∈ TraceA2 , there exists a trace t′2 ∈ TraceA1‖A2 with
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the same observable behaviour, which follows directly from (2.5). In this way, the
functionalities of A1 and A2 are combined.

Furthermore, A1 and A2 may synchronise via visible actions. Consider a finite
prefix of a trace in A1‖A2,

tk = ((s0, s̃0), ν0)
α1−→ . . .

α3−→ ((sk, s̃k), νk) ∈ TraceA1‖A2,k.

Let e1 = (sk, αk, ϕk, Yk, sk+1) ∈ E1 and e2 = (s̃k, α̃k, ϕ̃k, Ỹk, s̃k+1) ∈ E2 be a transition
in A1 and A2, respectively, such that αk and α̃k are input and output action of the
same underlying channel. Using this,

tk+1 = ((s0, s̃0), ν0)
α1−→ . . .

α3−→ ((sk, s̃k), νk)
τ−→ ((sk+1, s̃k+1) ∈ TraceA1‖A2,k

also is a finite trace in A1‖A2 (this follows directly from (2.3)). This argumentation
inductively holds for infinite traces, too.

As this example shows, every two transitions labelled with an input and output
action of the same underlying channel may synchronise. It they do so, they must
not synchronise with any other transition, therefor, the action of the new transition
is τ .

As the coproduct is defined as a single automaton, the semantics of this “system”
is given by definition 2.4.11. The restriction that is ensured by the semantics.

To obtain a system of more than two timed automata, definition 2.4.15 is ap-
plied several timed to finally obtain one automaton. Surely, a coproduct defined
in this way quickly becomes very large. Nevertheless, when defining the formula
representation of a system of timed automata, the coproduct is not needed to be
defined explicitely. Instead, the intended behaviour is implicitly ensured. Therefor,
the inefficient coproduct construction is not needed in practice but only provides the
theoretical background. For further details, please refer to section 3.5.

2.5. Uppaal

Uppaal (uppaal, 2005) is an integrated tool environment for modelling, simulation
and verification of real-time systems, modelled as networks of timed automata. It
is divided in three parts, each of them performing one of the aforementioned tasks.
Even though Uppaal thus is a complete model checker according to section 1.1, it
does not provide support for abstraction refinement, and therefor great efforts would
be necessary to integrate it into an abstraction refinement framework. Nevertheless,
for modelling of timed automata, Uppaal provides a simple and intuitive editor,
which is intended to be used within the context of this thesis (see section 1.3).

The automaton model defined in Uppaal widely agrees with the one defined
in section 2.4. In addition, Uppaal offers some more functionalities which are
an extension of definitions 2.4.3 and 2.4.11, as well as of the “classical automaton
model” presented in (Alur & Dill, 1994) and (Alur, 1999). These functionalities
are for example broadcast channels (used for synchronisation of more than two
automata) or committed locations (the location has to be left immediately, that
means no delay steps are possible). Furthermore, it is possible to define and use
integer variables and arrays.
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As these possibilities are an extension of the classical automaton model, they will
not be handled any further within the context of this thesis. Note that neverthe-
less, these additional functionalities have to be catched by the representer whenever
Uppaal is used to generate an input for the SAAtRe tool, see section 1.3. That
means: The representer has to ensure input files for SAAtRe are only constructed
from automata corresponding to the SAAtRe automaton model. However, it is
possible to expand the definition of formula representation of chapter 3 to allow the
additional functionalities if desired.

With regard to invariants, Uppaal restricts the possible clock constraints, com-
pared to those defined in definition 2.4.1, as it does not allow lower bounds on clocks.
This limitation only comes into play in case Uppaal is used to simulate or verify
the timed automaton, and therefor does not effect the work of this thesis. As men-
tioned above, it will be the task of the representer to assure only valid input files
are generated for SAAtRe .

2.6. Bounded Model Checking for Timed Automata

As mentioned above in section 1.3, only safety properties of the form “a certain state
s is not reachable” will be discussed here. Such properties can be expressed using
the CTL10 (Computation Tree Logic) formula ¬EFs, meaning “there exists no path
where eventually s holds”. Although this is the correct translation of the property,
it will be used in its negated form, that means EFs.

This is done for the following reason: Interpolants containing information about
the cause why an abstract counterexample is spurious may be derived in case the
(unrolled) formula representation of the concrete automaton together with the prop-
erty is unsatisfiable (see section 1.3). Therefor, the combination of the formulae has
to be unsatisfiable in case the state is not reachable. In other words: A satisfying
assignment to the unrolled formula representation of the concrete automaton and
the property especially satisfies the property. Thus, when working with the property
in the form EFs, a satisfying assignment represents a counterexample.

As already mentioned in section 1.1, bounded model checking for timed automata
is done by translating the automaton and the property to formulae and then unrolling
it up to a fixed depth. Unrolling thus means to instantiate the formula representation
of the timed automaton successively for all steps up to the given bound k. In other
words: The explicite representation of components of the timed automaton is copied
k times to obtain an explicite representation for the first k steps.

For explanatory purposes, when talking about a certain step in this explicite
representation, without further defining which step exactly, the following notation
is used: For V being the set of variables representing the automaton before the
execution step, the set V ′ denotes the variables after the execution step, where V ′
contains a primed variable v′ for every variable v in V .

For further considerations on correctness of the formula representation, please note

10The usage of temporal logic within the context of this thesis is restricted to this single definition
of properties. Therefor, the complete definition of syntax and semantics is omitted, and the
reader is referred to (Clarke & Emerson, 1982) instead.
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the following: For safety properties, the diameter of the state space of the timed au-
tomaton determines the maximal bound for which the existence of counterexamples
has to be checked. If this bound is reached and no counterexample is found, the
safety property holds. Although it is not always possible to compute the diameter,
the main result is that there exists a finite upper bound, such that in case bounded
model checking is applied up to this bound, the result is assured to be correct.

2.6.1. Handling of Events

In general, events are used for synchronisation within a system of timed automata.
As long as the “system” consists of only one automaton, all transitions are labelled
with the internal action τ , as there is no possibility (and in fact no need) to synchro-
nise. Note that in case a transition of a single automaton is labelled with an event
α 6= τ , this transition can never be fired, as there is no possibility to synchronise,
and the transition could just as well have been omitted. Thus, for a single automa-
ton, events have no effect on the property to be checked, as they have no influence
on reachability of states11. For bounded model checking applied to more than one
automaton, mainly two synchronisation strategies are possible:

1. Transitions labelled with two corresponding—that means one input and one
output—events cannot fire separately but only at the same time.

As typical use case, consider the very simple mutual exclusion example in
figure 2.3. The automata must not enter states c1 and c2 (“critical sections”)
at the same time. This is guaranteed be the synchronisation over event s: As
soon as one automaton enters the critical section, the other automaton leaves
it.

s1 c1 s2 c2

s?

s!

s!

s?

Figure 2.3.: A simple mutual exclusion example

The mutual exclusion condition can only be ensured if both automata must
not fire the transitions on their own but just simultaneously.

This strategy is mainly used for modelling safety critical systems.

2. Transitions labelled with the same event may fire at the same time or sepa-
rately.

As typical use case, consider two communicating processes p1 and p2, as de-
picted in figure 2.4 on the next page. Both processes work on some task they

11Reachability in a single automaton—apart from the fact that surely there has to be a path from
the initial state to the state to be checked—is only restricted by clock valuations, that means
invariants and guards.
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have to solve together (work1 and work2). The first process send status in-
formation about the task, the second one receives those messages (realised
through the transitions labelled with sr? and sr!) and acts according to them.

p1w p1s p2w p2r

sr!

work1

sr?

work2

Figure 2.4.: A simple communication example

Imagine the processes are located on different devices, for example in a net-
work. As long as both processes are ready to work, they shall only fire the
transition labelled with sr? and sr! together. But if the device containing
process two breaks down, process one shall still be able to continue working,
perhaps not even knowing his messages will not be noticed by process two any
more.

This strategy is used mainly to ensure fault-tolerance/in fault-tolerant systems.

The advantages and disadvantages of the strategies clearly depend on the context
they are used in, thus, the choice depends on the systems intended to be represented.
As the properties used in this thesis deal with reachability, the first strategy is used
(note that Uppaal also uses the first one)

Remark 2.6.1 (Appearance of events)
In general, no matter which synchronisation strategy for automata is chosen, at most
two transitions may fire at the same time. Conceptually, this strategy equals the
idea of only one event occurring at the same time.

2.7. Saatre Overview

To explain the further structure of the thesis, consider figure 2.5, which is an ex-
tended version of figure 1.1 on page 5. Grey boxes and arrows have the same
meaning as for figure 1.1. In addition, figure 2.5 contains labels denoting the data
flow between the components (which has already been described briefly in section
1.3).

From Uppaal, a timed automaton (TA) and a property (q) are obtained. The
Representer converts these to the internal formula format used in SAAtRe for
representation of timed automata and properties (ϕ(TA) and ϕ(q), respectively).
This representation will be defined in chapter 3, as well as the unrolling performed
by the Unroller.

The Abstracteur works in the internal formula representation obtained from the
Representer and applies some abstraction function α to them, denoted by α(ϕ(TA))
and α(ϕ(q)), respectively. This is going to be presented in chapter 4. The unrolled
abstract formula representation then is given to the DP component (remember that
FOCI is used here at the moment).
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In case the formula is not satisfiable, this equals to the abstract formula repre-
sentation being model for the property (or, equivalently: not being model for the
negation of the property, see section 2.6), denoted by αϕ(TA) 6|=k EFs. If instead
the formula is satisfiable, the DP component will return a trace through the abstract
automaton representing a counterexample to the property.

The Concretizer translates the trace back into the notation of the concrete au-
tomaton by “undoing” the abstraction. Conceptually, this is done by applying the

inverse of abstraction function α to the trace, denoted by
−1
α (αtrace/n). Concretiza-

tion will be dealt with in section 6.2.
Now the concrete formula representation of the automaton is unrolled again and

given to FOCI. Note that the depth to unrol the concrete automaton to is not
necessarily the same as to unrol the abstract automaton to.

In case the formula is satisfiable, the property is not fulfilled for unrolling depth n.
In case the formula is not satisfiable (that means the counterexample is spurious),
FOCI will produce interpolants containing information about the possible cause of
the unsatisfiability. These are given to the Refiner, which refines the abstraction.
Conceptually, the Refiner identifies a set of parameters P which has to be refined, and
the abstraction is done again for the old list of parameters without those parameters
contained in P .
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3. Representation

When representing timed automata as formulae, many choices of encoding and for-
mula structure are possible, where each of them has different advantages and disad-
vantages. Although the representation shall be plattform independant, restrictions
triggered by the solver intended to be used have to be taken into account. That
means, if, for example, the solver is not able to deal with rational variables but only
understands integers, the translation has to be aware of this limitation.

In the following section, possible encodings for the most common variable types
Boolean, integer, rational, real and enumeration type1 are presented. In fact, there
are many other possibilities of encoding, but most of them are too farfetched and
inefficient. Advantages and disadvantages of the encodings are discussed, and ex-
amples are shown for every encoding. The examples are intended to provide an
insight into the possibilities of encoding and will be presented without formal proof
of semantical equivalence (this will be done in section 3.3 when introducing the
representation. Section 3.2 sums up the preceding section and motivates the repre-
sentation which has been choosen within the context of this thesis, provided that
the solver is able to deal with variables (and constants) of Boolean and rational type
(which is true for FOCI, see section 2.3.2).

Sections 3.3 to 3.5 present the formula representation of a single automaton, a
property and a system of automata, respectively. The translations presented are
straigt-forward and contain several redundancies. These may be eliminated by using
static single assignment form, for example. For further details, see (Cytron et al.,
1991), for example.

3.1. Encoding of Variables

Simply speaking, to translate automata to formulae and be able to work with them,
all components—as defined in definition 2.4.3 on page 19—have to be encoded with
variables. Thus, the main question is which variable type to choose for the represen-
tation of the different components. Of course, the most common way of encoding
a variable is to simply use a variable with the same type. But apart from the fact
that not all SAT solver understand all variable types, a different encoding is often
more readable and—most of all—more efficient.

1A variable of enumeration type is a variables with a finite range and possibly arbitrary values,
like for example {red, green, yellow} or {i ∈ N | i is prime number and i ≤ 100}.

35
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3.1.1. Boolean Variables

It is possible to encode a Boolean variable b with a variable v of integer or enumera-
tion type: Choosing enumeration type, the range of v can be restricted by definition
to {0, 1}, like

enum Bool {0, 1} v;

Choosing integer, the range has to be restricted “manually” with additional con-
straints, like for example

int v;

0 <= v <= 1;.

If the SAT solver allows logical operators within formulae, it is also possible to use
a variable with rational or real type:

float v;

(v = 0) ∨ (v = 1);

No matter which encoding for Boolean variables is chosen, the basic logical oper-
ations ∨,∧,¬ have to be translated into adequate arithmetical operations modelling
their behaviour. Thus, encoding Boolean variables other than with Boolean vari-
ables is quite circumstantial due to the required additional constraints and trans-
lation of logical operators. Moreover, in most implementations and architectures,
using Boolean variables is more efficient than using other variables, so if they not
using them will lead to great efficiency loss. Of course, this has to be verified as the
case arises.

3.1.2. Enumeration Variables

Encoding of an enumeration variable e with range D = {e1, e2, . . . , ej} may be
realised either with one variable v of integer, rational or real type, or with j variables
b1, b2, . . . , bj of Boolean type: Choosing integer, rational or real, the range has to be
restricted like above, with an appropriate mapping of the enumeration range to the
range of v, for example

//Range of e is {red, green, yellow}.
//Let 1 be red, let 2 be yellow, let 3 be green

int v;

1 <= v <= 3;

for integer encoding or

float v;

(v = 1) ∨ (v = 2) ∨ (v = 3);

for rational and real encoding.
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Obviously, with increasing number of possible values for e, choosing rational or
real variables requires more constraints than choosing consecutive integers.

When choosing Boolean encoding, every variable bi represents one possible enu-
meration value ei, with the intended meaning

e = ei iff bi = tt.

The value of e surely is unique at any time. To guarantee the encoding preserves
this property, one additional constraint is needed to ensure mutual exclusion of the
variables bi, that means to ensure exactly one variable bi holds at any time. Using
the same example as above, the Boolean encoding is

Bool red;

Bool green;

Bool yellow;

(red ∧ ¬yellow ∧ ¬green)∨
(¬red ∧ yellow ∧ ¬green)∨
(¬red ∧ ¬yellow ∧ green).

Choosing the integer, rational or real encoding requires not only a completely
arbitrary and non-transparent mapping of enumeration values to numerical values,
but—as above—additional constraints for range restriction are needed. Restrictions
on the possible operations on the variables are needed for all encodings. For example,
an operation like v := v * 5 in the integer encoding example above should not be
possible, as it is not defined on the underlying encoding. Although Boolean encoding
also requires an additional constraint for mutual exclusion, which is quadratic in the
number of possible values for e, this is easier to realise.

3.1.3. Integer Variables

An integer variable i may be encoded with a variable v of rational or real type. No
value mapping (as for Boolean and enumeration variables) is required, as the set of
integer numbers is a proper subset of the set of rational numbers as well as of the set
of real numbers. Attention has to be paid on the possible values v may range over. In
most cases considered within this thesis, they will be restricted “automatically”—for
example by the transition relation formulae describing how the value of a variable
may change. But sometimes they have to be restricted manually, for example like

float v;

v DIV 1 = v;

where DIV denotes the integer division2.
Although encoding an integer variable with rational or real variables is “possible”

in the above sense, most likely it will not be necessary: In the majority of cases,

2A division in which the fractional part is discarded is called integer division. For example:
10 DIV 3 = 3.
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SAT solver able to handle rational or real variables are also able to handle integer
variables. Furthermore, in most architectures, time and space complexity of integer
variables is less or at most equal, compared to rationals. Thus, it is more efficient
to use integers, particularly as no translation is required then.

3.1.4. Rational Variables

The encoding of a rational variable r may be done with a pair (vn, vd) of integer
variable: Choosing integer, vn encodes the numerator, vd encodes the denominator
of a fraction representing r (thus using the definition of rational numbers as fractions
of two integer numbers). Value mapping is not required for this encoding, but vd 6= 0
has to be ensured for the fraction vn/vd to be well-defined. Translating the operations
on r to operations on vn and vd is quite easy, as the definition arises directly from
the corresponding operations in fractional arithmetic. For example,

x = v + w

x = v * w

(addition and multiplication on rationals), with x, v and w being rational variables
encoded by (xn, xd), (vn, vd) and (wn, wd), respectively, translate to

xn = vn ∗ wd + vd ∗ wn

xd = vd ∗ wd

for addition and to

xn = vn ∗ wn

xd = vd ∗ wd

for multiplication.
Problems in using this encoding arise from the fact that one rational variable may

be represented in many ways, for example

0.5 =
3

6
=

2

4
=

1

2
.

Although the fractional arithmetic operations may be translated to operations on
numerators and denominators without requiring a common denominator (and thus
avoiding unnecessary reduce/expand operations), most likely the absolute value of
numerator and denominator will grow without reducing the fraction from time to
time. The main question thus is when to reduce the fraction, as determining whether
a fraction is irreducible or not might not be trivial.

3.1.5. Real Variables

Finally, it is possible to encode a real variable with a variable of rational type.
Initially, this seems impossible, as the set of real numbers is uncountable, while the
set of rational numbers is countable. Nevertheless, without (severe) information loss,
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it is possible within the context of this thesis, where clocks are the only variables
of real type and appear only in linear constraints (that means linear (in)equalities
using the arithmetical operators {<,≤,=,≥, >}, see definitions 2.4.1 and 2.4.3).
Furthermore, all constants appearing in the constraints are of rational type.

By using Fourier-Motzkin transformation (FM), (Dantzig & Eaves, 1973) showed
that systems of conjoined linear inequalities using only rational constants are satis-
fiable for rational numbers iff they are satisfiable for real numbers3. Although FM
transformation is not directly applicable for clock constraints as obtained from defi-
nition 2.4.1 (due to the fact that definition 2.4.1 allows all the operators ∨,¬, <,≤,=
,≥, >), they can be converted into the required format using some simple rewriting
rules. This is shown formally using the following lemma.

Lemma 3.1.1 (Rational Encoding for Real Variables)
Let ϕ be a clock constraint as obtained from definition 2.4.1. ϕ is equisatisfiable for
rational and real numbers , that means

ϕ is satisfiable for rational numbers ⇔ ϕ is satisfiable for real numbers (3.1)

Proof. ϕ is translated into a semantically equivalent formulae ϕ̃ using the following
transformations/steps (all preserving semantics):

1. Transform ϕ to negation normal form (see appendix A.1.2), this returns ϕ′

2. Eliminate negation (¬) and the arithmetical operators =, > and ≥ from ϕ′ by
using function τ , as depicted in figure 3.1. This returns ϕ′′.

3. Transform ϕ′′ to disjunctive normal form (see section appendix A.1.4), this
returns ϕ̃.

Let m be the number of disjunctive elements in ϕ̃, and let ni be the number of
literals in the i-th disjunctive element, that means

ϕ̃ = (l1,1 ∧ l1,2 ∧ . . . ∧ l1,n1) ∨ (l2,1 ∧ . . . ∧ l2,n2) ∨ . . . ∨ (lm,1 ∧ . . . ∧ lm,n1)

For every disjunctive element di: Divide the set of literals {li,1, . . . , li,ni
} into two

disjoint sets L< and L≤, containing all literals with operator < and all literals with
operator ≤, respectively. By applying Fourier-Motzkin transformation to L< and
L≤ separately:

L< is equisatisfiable for rational and real numbers

L≤ is equisatisfiable for rational and real numbers

and thus, by definition of satisfiability of clause sets, also

L< ∪ L≤ is equisatisfiable for rational and real numbers.

Every disjunctive element of ϕ̃ is equisatisfiable for rational and real numbers, hence,
by definition of satisfiability and ∨, ϕ̃ is equisatisfiable for rational and real numbers.
As ϕ is semantically equivalent to ϕ̃, finally 3.1 holds.

3“Satisfiable for rational numbers”: There exists a mapping σq assigning a rational value to each
variable, that means σ(xi) ∈ Q, such that the system of inequalities is satisfiable. “Satisfiable
for real numbers”: There exists a mapping σr assigning a real value to each variable, that means
σ(xi) ∈ R, such that the system of inequalities is satisfiable
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τ(x < c) = (x < c) τ(x− y < c) = (x− y < c)

τ(x ≤ c) = (x ≤ c) τ(x− y ≤ c) = (x− y ≤ c)

τ(x = c) = (x ≤ c)∧ τ(x− y = c) = (x− y ≤ c)∧
(−x ≤ −c) (y − x ≤ −c)

τ(x ≥ c) = (−x ≤ −c) τ(x− y ≥ c) = (y − x ≤ −c)
τ(x > c) = (−x < −c) τ(x− y > c) = (y − x < −c)

τ(¬(x < c)) = (−x ≤ −c) τ(¬(x− y < c)) = (x− y ≥ c)

τ(¬(x ≤ c)) = (−x < −c) τ(¬(x− y ≤ c)) = (y − x < −c)
τ(¬(x = c)) = (−x < −c)∨ τ(¬(x− y = c)) = (x− y < c)∨

(x < c) (y − x < −c)
τ(¬(x ≥ c)) = (x < c) τ(¬(x− y ≥ c)) = (x− y < c)

τ(¬(x > c)) = (x ≤ c) τ(¬(x− y > c)) = (x− y ≤ c)

τ(ϕ) eliminates negation (¬) and the operators =,≥, > from a clock constraint
ϕ. Without loss of generality, assume ϕ is in negation normal form (see appendix
A.1.2), note that τ(ϕ) also is in negation normal form. τ preserves the semantics,
as it uses only well-defined arithmetical equalities.

Figure 3.1.: Reduction to operator set {∧,∨,=,≤, <} by function τ .

3.1.6. Conclusion

Whenever a variable v with a certain type is encoded using a variable e—or sev-
eral variables e1, . . . , en—with a different type, additional constraints restricting the
possible values of e and e1, . . . , en, respectively, are needed. Thus, the SAT solver
(or any other tool intended to use the encoded variables) has to offer the operators
needed for these constraints. For example, if rational encoding for integer variables
is used, the solver has to be able to axiomatise the effects of integer division. The
choice of encoding thus depends—at least partly—on the functionalities provided by
the solver. But as these functionalities are not always known at the time the encod-
ing is defined, and the encoding shall be platform-independent, it is often preferable
to choose an encoding using only common or basic functionalities (like for example
Boolean operations), although this may not always be the most efficient encoding.
A main task in the choice of an appropriate encoding thus is to find a trade-off
between universality and efficiency, which is also platform-independent.

Regarding efficiency, Boolean encoding is supposed to be more efficient than the
other possibilities. Within the context of this thesis, different encodings have been
evaluated, and heuristic tests provided support for the assumption. Furthermore—
as the name implies—Boolean operators should be present in every SAT solver. No
matter which encoding is chosen, attention has to be paid whenever a variable of a
certain type is encoded using a variable of another type: Dependent on the platform
intended to use the encoding (and the exact choice of encoding), efficiency may
greatly vary.
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3.2. Characteristics of an Adequate Representation

In the following, the choice of encoding for the different components of timed au-
tomata (as defined in definition 2.4.3 on page 19) is explained, provided that the
solver is able to deal with variables and constants of Boolean and rational type
(which is true for FOCI). This section shall help to understand why a certain encod-
ing has been chosen, and therefor concentrates on considerations regarding efficiency
and universality. The exact formula representation will be explained in detail in sec-
tion 3.3. It is inspired by the encoding presented in (Audemard et al., 2002), but
slightly different. The differences will be explained in the following, too.

Both the set of states and the set of events are encoded using Boolean variables,
one variable per state and event, respectively (linear Boolean encoding). In (Au-
demard et al., 2002), the encoding of events is realised in the same way, while
logarithmic Boolean encoding is used for states4. The main reason for preferring
Boolean variables (to integer variables, for example) is a great difference in effi-
ciency: Heuristic tests showed that Boolean encoding is at least 20 times faster than
rational encoding, and FOCI is able to deal with much larger formulae in case these
(mainly) consist of Boolean variables.

Of course, a bottleneck of the Boolean encoding is the additional mutual exclusion
constraint. This constraint is needed for states to ensure exactly one state variable
holds at any time. Otherwise, as there exists one variable per state, the automaton
would be allowed to be in more than one state at the same time. For events, the
constraint is required to guarantee the synchronisation strategy (see section 2.6.1) is
preserved. As the size of the mutual exclusion constraint is quadratic in the number
of Boolean variables, it may slow down the solver with an increasing number of
states and events, respectively. Nevertheless, the efficiency loss in case of rational
encoding mainly turned the balance.

Although the mutual exclusion constraint would not have been needed in case of
logarithmic Boolean encoding, linear Boolean encoding has been chosen. This is
due to the fact that in the representation of (Audemard et al., 2002), every state
variable appears twice in every transition. In the encoding presented here, the
mutual exclusion constraint is needed only once, and transitions will only contain
two state variables. Thus, with a decreasing number of states and an increasing
number of transitions, the linear Boolean encoding is more efficient. Furthermore,
the mutual exclusion constraint will not be needed in case the solver is able to deal
with linear zero-one constraints (see for example (Fränzle & Herde, 2005)).

In (Audemard et al., 2002), clocks are encoded by means of real variables, while
in the representation presented in section 3.3, rational variables are used. As shown
in lemma 3.1.1, within the context of timed automata used in this thesis, rational
encoding is sufficient for real-valued variables, that means no necessary information
is lost. Thus, for the representation of clocks, rational variables have been chosen.

For the encoding of transitions, several alternatives regarding the structure of the
formula representing a transition (and the change of values it causes) have been

4Logarithmic Boolean encoding means: For {s1, . . . , sn} being the set of states, n being the
number of states, dlog2(n)e variables are introduced, representing a dlog2(n)e-digit Boolean
number s. The intended meaning is that the value of s is i iff the system is in state si.
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shortlisted. For explanatory purposes, let e be a transition from state s1 to state
s2, let ϕ be a formula containing all variables representing precondition of e (for
example clocks), and let ϕ′ be a formula containing all variables representing the
postcondition of e. The exact structure of ϕ and ϕ′ is of no importance here, as
they are only used to reveal the conceptual idea of transition encoding. The three
main alternatives of encoding a single transition from s1 to s2 are

s1 ∧ ϕ→ s2 ∧ ϕ′ (3.2)

s1 ∧ ϕ← s2 ∧ ϕ (3.3)

s1 ∧ ϕ ∧ s2 ∧ ϕ′ (3.4)

To obtain the complete transition relation, first every transition is translated on its
own. The complete transition relation is obtained from the conjunction of these
single formulae in case of (3.2) and (3.3) and from the disjunction of the single
formulae in case of (3.4).

Remember properties to be checked within the context of this thesis are safety
properties of the form “a certain state s can never be reached”, see also section 2.6.
With regard to verification of such properties, the encoding used in (3.2) reflects
the idea of starting in the initial state and, while following the transition relation
in forward direction, trying to reach the undesired state s. In contrast to that, the
translation presented in (3.3) reflects the idea of starting in the undesired state s and,
while following the transition relation in backward direction, trying to reach initial
state. Finally, the third alternative depicted in (3.4) reflects the idea that firing a
transition is only possible if the preconditions (ϕ) as well as the postconditions (ϕ′)
hold.

The worst case with respect to efficiency is given in case the formula is not satisfi-
able, where the SAT solver has to try all possible valuations. Thus, fixed valuations
help in improving the efficiency (as the solver does not have to test these). Compar-
ing (3.2) and (3.3), “more” valuations are known in the former case, as not only the
values of the state variables are given, but also the initial valuations for all clocks
are known. Hence, (3.2) will be more efficient than (3.3).

s1

s2

s3

x ≤ 2, x := 0

x ≤ 3, y := 0

Figure 3.2.: Mutual exclusion of states example

Remember a primed version v′ of variable v denotes the value of v after a transition
has fired, see section 2.6. For comparison of (3.2) and (3.4), consider the automaton
extract shown in figure 3.2. Choosing the encoding of (3.2), the transition relation
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would be translated like

(s1 ∧ (x ≤ 2)→ s′2 ∧ (x′ = 0) ∧ (y′ = y))∧
(s1 ∧ (x ≤ 3)→ s′3 ∧ (y′ = 0) ∧ (x′ = x)),

while choosing the encoding of (3.2), it would be translated like

(s1 ∧ (x ≤ 2) ∧ s′2 ∧ (x′ = 0) ∧ (y′ = y))∨
(s1 ∧ (x ≤ 3) ∧ s′3 ∧ (y′ = 0) ∧ (x′ = x)).

(Note that this example does not represent the final encoding, but is only used to
make clear advantages and disadvantages of the different encoding strategies.)

The non-exclusive guards lead to nondeterminism in case the value of clock x is
less or equal to 2, (x ≤ 2). When using the encoding of (3.2), this has to be handled
explicitely, as the premises of both implications are satisfied, but due to mutual
exclusion of states not both conclusion can be satisfied at the same time. In the
latter case (that means when using the encoding of (3.4)), the nondeterminism is
preserved, as it is not clear which formula will be fulfilled by the SAT solver.

The encoding of transitions presented in (Audemard et al., 2002) mainly works
the same (apart from the exact encoding of states, see above), but the authors
introduce a new Boolean variable Te for every transition e, with the intended meaning
that Te holds iff the timed automaton fires transition e. For ẽ being the formula
representation of transition e, a single transition is encoded using the implication
Te → ẽ in (Audemard et al., 2002), while it is encoded using only formula ẽ in this
thesis.

Furthermore, two more Boolean variables Tδ and Tnull are introduced in (Aude-
mard et al., 2002), with the intended meaning that Tδ holds iff the timed automaton
does a delay step with delay δ (no matter which state the automaton is in), and
Tnull holds if the timed automaton “does nothing”, that means no variable changes
its value. Within the context of this thesis, delay steps are encoded explicitely for
every state s, as they have to contain constraints for preserving the invariants.

3.3. Formula Representation of a Single Automaton

The translation is presented in several steps: In section 3.3.1, the “basic” compo-
nents of timed automata (clocks, clock constraints and states)—as defined in defini-
tion 2.4.3 on page 19—are translated. Afterwards, in section 3.3.2, these translations
are combined to receive translations for the “complex” components (transition re-
lation and additional constraints), and section 3.3.4 proves the correctness of this
representation. Sections 3.4 and 3.5 present the representation of properties and
systems of automata, respectively

The translation of a single automaton is presented without consideration of events,
as events 6= τ are used for synchronisation between automata only, and a single
automaton contains only the internal action. Thus, when working with a single
automaton, all action transitions are labelled with τ , so τ is not needed to distinguish
them. Events will be handled in section 3.5, too.
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The next sections will define the formula representation of a timed automaton
A syntactically, but the concept behind the representation only becomes clear with
regard to an interpretation of the variables introduced to encode A. Some compo-
nents will therefor be explained using an interpretation σ. Please consider remark
3.3.12 for further details.

Remark 3.3.1 (Notation of Timed Automata)
In the next sections, let A = (A, S, s0, X, I, E) be a timed automaton, with A =
{α1, . . . , αn}, X = {x0, . . . , xm} and S = {s0, . . . , sn}. As long as only one
automaton is considered, the internal action τ will be omitted in the transitions, as
explained above. A transition (s, τ, ϕ, Y, s′) ∈ E therefor may be abbreviated with
(s, ϕ, Y, s′).

3.3.1. Basic Components

Definition 3.3.2 (Representation of States)
Let A be a timed automaton, using the notation of remark 3.3.1. For every state
s ∈ S, a timed Boolean variable st is introduced, with the intended meaning

σ(st) = tt ⇔ at step t, the automaton is in state s (3.5)

for some interpretation σ of the variables introduced to encode A. st is called
encoding of s.

As mentioned above, clocks are modelled by means of rational-valued (or simply
rational) variables, see also lemma 3.1.1.

Definition 3.3.3 (Representation of Clocks)
Let A be a timed automaton, using the notation of remark 3.3.1. A new clock
z 6∈ X—called absolute time reference—is introduced, measuring the time that has
passed during the run of A. z is represented by a timed rational variable zt, called
encoding of z. The intended meaning is

σ(zt) = c ⇔ at step t, time amount c elapsed since the beginning of computation
(3.6)

for some interpretation σ of the variables introduced to encode A.
For every clock x ∈ X, a rational timed variable xt is introduced, with the intended

meaning

σ(xt) = c⇔ c is the absolute time when x was last reset. (3.7)

Let X be the set containing all these variables xt. The value of xt only changes
when some transition in the automaton resets x, and z will never be reset, hence,

σ(zt)− σ(xt) = c ⇔ the value of clock x at step t is c (3.8)

The difference zt − xt is called encoding of x.
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The encoding of clock values using the difference σ(zt)− σ(xt) (instead of simply
using σ(xt)) has been chosen to be able to specify reachability properties on the one
hand, but, which is more important, the absolute time reference will greatly ease
the proof of correctness. See section 3.3.4 for this purpose.

The value of a clock x at step t is given by zt - xt, therefor, this difference is used
in clock constraints whenever the value of x is needed.

Definition 3.3.4 (Representation of Clock Constraints)
Let A be a timed automaton, using the notation of remark 3.3.1. For x, y ∈ X
being clocks, c being a rational constant and ∼ ∈ {<,≤,=,≥, >}, the encoding of
the clock constraints x ∼ c and x − y ∼ c (see definition 2.4.1 on page 18) is given
by

zt − xt ∼ c

yt − xt ∼ c
(3.9)

respectively5. Clock constraints of the form ϕ1∧ϕ2 and ¬ϕ1 are inductively defined
as the conjunction and negation of the above.

3.3.2. Complex Components

For a state change (which is instantaneous), the encoding has to ensure the clocks
which are not reset keep their values, while those which are reset are set to the
absolute point in time. The state variables change according to the states involved
in the transition, and the guard has to hold.

Definition 3.3.5 (Representation of an Action Transition)
LetA be a timed automaton, using the notation of remark 3.3.1. Let (s, ϕ, Y, s′) ∈ E,
let st be the encoding of s and s′t be the encoding of s′, respectively. The formula
representation of action transition (s, ϕ, Y, s′) is given by

ea((s, ϕ, Y, s
′))

def
= st ∧ s′t+1 ∧ ϕt ∧ (zt = zt+1)∧∧

x∈Y

(xt+1 = zt+1) ∧
∧
x6∈Y

(xt = xt+1),
(3.10)

with ϕt being the representation of guard ϕ at step t, according to definition 3.3.4.
A formula obtained from this definition is called an action transition formula.

As this translation has to be done for every action transition, it leads to |E|
formulae of the above form.

To model the automaton remaining in one of his states while time elapses, delay
transitions have to be added to the encoding (compare definition 2.4.11 on page 23).
The formulae have to ensure the state’s invariant holds at the beginning and at
the end of the time delay6, neither the state variables nor the variables for the
automaton’s clocks (x ∈ X) change, but the value of the additional clock z increases
by the value of the time delay.

5In fact, the encoding is (zt − xt)− (zt − yt) ∼ c, but this simplifies to yt − xt ∼ c
6By ensuring this, they will hold in between, too, as invariants are convex clock constraints, see

lemma 2.4.7
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Definition 3.3.6 (Representation of Delay Steps)
Let A be a timed automaton, using the notation of remark 3.3.1, let st be the
encoding of state s. The formula representation for a delay step for s (that means
the automaton remains in state s while time elapses, see definition 2.4.11 on page 23)
is given by

ed(s)
def
= st ∧ st+1 ∧ It(st) ∧ It+1(st+1) ∧

∧
x∈X

(xt = xt+1) ∧ (zt < zt+1) (3.11)

with It(st) being the clock constraint representation of the invariant of state s at
time t. A formula obtained from this definition is called delay transition formula.

As this translation has to be done for every state, it leads to |S| formulae of the
above form.

The automaton may either fire a transition or take a delay step, hence the complete
transition relation of the automaton (representing its behaviour) is obtained by
combining action and delay transitions.

Definition 3.3.7 (Representation of the Complete Transition Relation)
Let A be a timed automaton, using the notation of remark 3.3.1. The complete
transition relation of A is given by

ϕE(A)
def
=

∨
(s,ϕ,Y,s′)∈E

ea((s, ϕ, Y, s
′)) ∨

∨
s∈S

ed(s) (3.12)

Thus, the complete transition relation is the disjunction of action and delay transi-
tions obtained from definitions 3.3.5 and 3.3.6.

Initial conditions restrict the values of variables at time 0, that means before the
beginning of computation. Thus, a formula defining the initial state and the initial
values of the clocks (all zero!) is added to the formula set.

Definition 3.3.8 (Representation of Initial Conditions)
Let A be a timed automaton, using the notation of remark 3.3.1, let s0 be its
initial state and s 00 the encoding of the initial state. The representation of initial
conditions is given by

ϕi(A)
def
= s 00 ∧ (z0 = 0) ∧

∧
x∈X

(x0 = 0) (3.13)

Clearly, the automaton always is in only one of his states, which is implicitly
satisfied by definition 2.4.11. For the encoding chosen here, the constraint is ex-
pressed by the requirement that only one of the state variables may hold at the
same time, and has to be ensured “manually” for equation (3.5) to hold. Otherwise,
it would be possible to find an interpretation σ with σ(s) = tt and σ(s′) = tt,
for s, s′ ∈ S, s 6= s′, representing the automaton being in two of his states at the
same time. To prevent such erroneous behaviour, the following mutual exclusion
constraint is added to the encoding.



CHAPTER 3. REPRESENTATION 47

Definition 3.3.9 (Representation of Mutual State Exclusion)
Let A be a timed automaton, using the notation of remark 3.3.1, and let S =
{s 0, . . . , s n} be the set of variables representing the set of states S. The mutual
exclusion of states is ensured by the formula

ϕgc(A)
def
=

∨
0≤i≤n

(s it ∧
∧

0≤k≤n
k 6=i

(¬s kt)). (3.14)

Mutual exclusion is not determined by the automaton itself but arises from the
encoding. Therefor, this formula is called general constraint representation.

The complete representation of a timed automaton A is obtained by the conjunc-
tion of all formulae as defined above.

Definition 3.3.10 (Representation of Timed Automaton)
Let A be a timed automaton, using the notation of remark 3.3.1.

The conjunction

ϕ(A)
def
= ϕgc(A) ∧ ϕE(A) ∧ ϕi(A), (3.15)

with ϕgc(A), ϕE(A) and ϕi(A) obtained from (3.14), (3.12) and (3.13), respectively
(thus representing the general constraints and the constraints determined by the
automaton) is called formula representation of A.

For TA being the set of all timed automata (see definition 2.4.3 on page 19), let
ϕ(TA) be the set of all formula representations.

3.3.3. Unrolling

The formulae defined above are abstract in that they are defined for some abstract
execution step t which is expressed by the use of relative variables vt and vt+1. To be
able to define the unrolling of an automaton, for each abstract formula, a concrete
formula representing the component at (the concrete) unrolling depth k ∈ N is
obtained by simply substituting every occurrence of variable vt with vk and every
occurrence of variable vt+1 with vk+1.

To unroll the automaton up to depth k the concrete formulae for depth 0, 1, . . . , k−
1, k are combined.

Definition 3.3.11 (Concrete Formula Representation, k-unrolling of Timed
Automaton)
Let A be a timed automaton, using the notation of remark 3.3.1, let k ∈ N, let
Θk = {st/sk, xt/xk, zt/zk, st+1/sk+1, xt+1/xk+1, zt+1/zk+1} be a substitution for all
states s ∈ S, all clocks x ∈ X and the global clock z.

For ed(s), ea((s, ϕ, Y, s
′)), ϕE(A) and ϕgc(A) being the formula representations

obtained from definitions 3.3.5, 3.3.6, 3.3.7 and 3.3.9, respectively, the concrete
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formula representations are given by

ed(s)k
def
= ed(s)Θk (3.16)

ea((s, ϕ, Y, s
′))k

def
= ea((s, ϕ, Y, s

′))Θk (3.17)

ϕE(A)k
def
=

∨
(s,ϕ,Y,s′)∈E

(ea((s, ϕ, Y, s
′))k) ∨

∨
s∈S

(ed(s)k) (3.18)

ϕgc(A)k
def
= ϕgc(A)Θk (3.19)

The unrolling of automaton A up to depth k, k ≥ 1, called k-unrolling of A, can
now be defined by

ϕ(A)k
def
=

∧
0≤j≤k

(ϕgc(A)j) ∧
∧

0≤j≤k−1

(ϕE(A)j) ∧ ϕi(A)7 (3.20)

For TA being the set of all timed automata, let ϕ(TA)k be the set of all k-unrollings
for automata.

Remark 3.3.12 (Unrolling)
The intended meaning of the k-unrolling of some automaton A is to represent the
complete possible behaviour of A for the first k steps. An interpretation σ ∈
Σ(ϕ(A)k), with σ |= ϕ(A)k, therefor represents one concrete behaviour for the first
k steps. Thus, a trace of the automaton is given by a satisfying valuation of the
formula.

Note that for such a finite trace of length k, the formula representation of the
transition relation, ϕE(A), is only unrolled up to depth k− 1, as ϕE(A)j represents
a (delay or action) step from depth j to depth j + 1.

Two results directly arising from the above definitions will be presented, as they
are going to be used for the abstraction and refinement.

Remark 3.3.13 (Containedness of k-unrollings)
By definition, for all unrolling depths k and k′: ϕgc(A)k′ is a subformula of ϕgc(A)k,
that means the k′-unrolling of the mutual exclusion constraint is contained in the
k-unrolling, for k′ ≤ k. Equivalently, ϕE(A)k′ is a subformula of ϕE(A)k, that means
the k′-unrolling of the transition relation is contained in the k-unrolling, for k′ ≤ k.
Thus, apart from commuting, ϕ(A)k contains ϕ(A)k′ as subformula (as ϕi(A) does
not change for any unrolling depth), that means the unrolled formula for depth k
contains the unrolled formulae for all smaller depths k′ ≤ k.

Remark 3.3.14 (Negation Normal Form)
For a timed automaton A = (A, S, s0, X, I, E), let Annf = (A, S, s0, X, I

nnf , Ennf )
be a timed automaton which is equal to A apart from the fact that every clock con-
straint ϕ (that means either guard or invariant) of A is transformed to its negation
normal form NNF (ϕ) (see appendix A.1.2) in Annf . As NNF (ϕ) is semantically
equivalent to ϕ, A and Annf are also equivalent (that means they have the associated
transition systems and thus the same semantics, see definition 2.4.11). Furthermore,
ϕ(A)nnf as well as ϕ(Annf )k are in negation normal form.

7Surely, ϕi(A) is not unrolled, as it has to hold for k = 0 only.
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Proof. This follows directly form definitions 3.3.7, 3.3.8, 3.3.9, 3.3.10 and 3.3.11.

Thus, for every timed automaton A, there exists a timed automaton Annf with the
same semantics, such that the formula representation ϕ(A) and k-unrolling ϕ(A)k

of Annf are in negation normal form. Hence, without loss of generality, ϕ(A) and
ϕ(A)k are assumed to be in negation normal form in the sequel.

Example 3.3.15 (Encoding of Timed Automaton)
Consider the automaton A as depicted in figure 3.3. The automaton has four states
(s0, s1, s2, s3) and three clocks (v, x, y). With the encoding of timed automata as
defined above, it is encoded as follows. For readability, the internal action τ as well
as guards and invariants equal to true will be omitted in the formula representation.

s3 s2

s0

x < 1
s1

x < 1, y := 0

v := 0

y = 2y := 0
x = 3, x := 0

v := 0

x < 2, v < 3

true

true

Figure 3.3.: A simple automaton example

From definition 3.3.5 (action transitions), the following formulae are obtained:

s0t ∧ s0t+1 ∧ (zt = zt+1) ∧ (vt = vt+1) ∧ (xt = xt+1) ∧ (yt = yt+1)

s0t ∧ s1t+1 ∧ (zt = zt+1) ∧ (yt+1 = zt+1) ∧ (vt = vt+1) ∧ (xt = xt+1)

s1t ∧ s0t+1 ∧ (zt = zt+1) ∧ (vt+1 = zt+1) ∧ (xt = xt+1) ∧ (yt = yt+1)

s1t ∧ s2t+1 ∧ (zt − yt = 2) ∧ (zt = zt+1)

∧ (vt = vt+1) ∧ (xt = xt+1) ∧ (yt = yt+1)

s2t ∧ s0t+1 ∧ (zt − xt = 3) ∧ (zt = zt+1)

∧ (vt+1 = zt+1) ∧ (xt+1 = zt+1) ∧ (yt = yt+1)

s2t ∧ s1t+1 ∧ (zt = zt+1) ∧ (yt+1 = zt+1) ∧ (vt = vt+1) ∧ (xt = xt+1)

s2t ∧ s3t+1 ∧ (zt − xt < 2) ∧ (zt − vt < 3) ∧ (zt = zt+1)

∧ (vt = vt+1) ∧ (xt = xt+1) ∧ (yt = yt+1)
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From definition 3.3.6 (delay transitions), the following formulae are obtained:

s0t ∧ s0t+1 ∧ (zt − xt < 1) ∧ (zt+1 − xt+1 < 1)

∧ (vt = vt+1) ∧ (xt = xt+1) ∧ (yt = yt+1) ∧ ∧(zt < zt+1)

s1t ∧ s1t+1 ∧ (vt = vt+1) ∧ (xt = xt+1) ∧ (yt = yt+1) ∧ ∧(zt < zt+1)

s2t ∧ s2t+1 ∧ (vt = vt+1) ∧ (xt = xt+1) ∧ (yt = yt+1) ∧ ∧(zt < zt+1)

s3t ∧ s3t+1 ∧ (vt = vt+1) ∧ (xt = xt+1) ∧ (yt = yt+1) ∧ ∧(zt < zt+1)

The complete transition relation ϕE(A) according to definition 3.3.7 is obtained
from the disjunction of these eleven formulae.

From definition 3.3.8 (initial conditions), the following formula is obtained:

ϕi(A) = s00 ∧ (z0 = 0) ∧ (v0 = 0) ∧ (x0 = 0) ∧ (y0 = 0)

From definition 3.3.9 (mutual exclusion), the following formula is obtained:

ϕgc(A) = (s0t ∧ ¬s1t ∧ ¬s2t ∧ ¬s3t)

∨ (¬s0t ∧ s1t ∧ ¬s2t ∧ ¬s3t)

∨ (¬s0t ∧ ¬s1t ∧ s2t ∧ ¬s3t)

∨ (¬s0t ∧ ¬s1t ∧ ¬s2t ∧ s3t)

The formula representation of A, ϕ(A), is obtained from the conjunction

ϕ(A) = ϕgc(A) ∧ ϕE(A) ∧ ϕi(A)

as defined in definition 3.3.10.

3.3.4. Correctness Proof

By definition (definition 2.4.11), automaton traces are infinite sequences of configu-
rations. In contrast to that, the transition relations as defined above only represents
finite prefixes of traces. Nevertheless, the translation can be used for model check-
ing: According to section 2.6, there exists a finite upper bound up to which bounded
model checking has to be applied to the system to ensure correctness of the results.
This bound is the diameter of the system. Although it may be hard or even impossi-
ble to compute the diameter, the existence is enough for the formula representation
to yield correct results. If the system is checked with increasing values of k (the un-
rolling depth), the diameter will finally be reached, and the results for this unrolling
depth and all greater unrolling depths are surely correct.

For a timed automaton A and its k-unrolling ϕ(A)k as defined in definition 3.3.11,
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define the following formulae:

mutex =
∧

0≤j≤k

(ϕgc(A)j)

=
∧

0≤j≤k

( ∨
0≤i≤n

(s ij ∧
∧

0≤k≤n
k 6=i

(¬s kj))
)

(3.21)

clocks init = (z0 = 0) ∧
∧
x∈X

(x0 = 0) (3.22)

clocks =
∧

0≤j≤k

(zj ≤ zj+1) ∧
∧
x∈X

(zj − xj ≥ 0) ∧
∧
x∈X

(xj ≤ xj+1) (3.23)

mcci = mutex ∧ clocks ∧ clocks init (3.24)

As mentioned in remark 3.3.12, an interpretation σ of the k-unrolling of some
automaton A which satisfies ϕ(A)k represents a trace of length k. Roughly speaking,
mcci defines the constraints such an interpretation σ has to satisfy at least to result
in a well-defined trace: The mutual exclusion constraint surely has to be satisfied,
as has been explained in sections 3.2 and 3.3.2. The formula denoted in (3.22)
expresses the fact that the initial value of all clocks has to be zero. By (3.23), the
correct behaviour of clocks over time is assured: The absolute time reference must
not decrease (zj ≤ zj+1), clocks do not have negative values (zj − xj ≥ 0) and—as
xt represents the time where x was last reset—the sequence of times where a clock
is reset must not decrease, too (xj ≤ xj+1). This property will be used in the sequel
to show the equivalence of traces and interpretations.

The correctness of the the formula representation is shown by proving figure 3.4
is a commuting diagram. First, a correspondence between finite traces of length k
and interpretations of k-unrollings is defined (lower part of figure 3.4). Note that
not all interpretations are considered, but only those who are a model for mcci.
Afterwards, all other subparts of figure 3.4 are shown to be a commuting diagram.

TraceTA,k Mod(mcci)

TA ϕ(TA)k

ϕ

run model
ς

τ

Figure 3.4.: Overview of Formula Representation of Timed Automata, Commuting
Diagram

Remark 3.3.16 (Notation of Representation)
Let A be a timed automaton, using the notation of remark 3.3.1. In the following,
let s i be the variable representing state si, let x be the representation of clock
x0. Let X be the set containing the representations of all clocks in X (see definition
3.3.3), and let z be the representation of the absolute time reference z.
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Remark 3.3.17 (Absolute time reference)
A trace t does not necessarily use (that means assign values to) the absolute time
reference z, as this is an additional clock used for representation only. Nevertheless,
for every trace not using z, there exists an equivalent trace using z: z is added to
the set of clocks, and

ν0(z) = 0

νk+1(z) =

{
νk(z), if (s, νk)

τ→ (s′, νk+1) is an action transition

νk(z) + t, if (s, νk)
t→ (s′, νk+1) is a delay step with delay t

T raceTA,k Mod(mcci)

TA ϕ(TA)k

ϕ

run model
ς

τ

Figure 3.5.: Definition of corresponding interpretation

Definition 3.3.18 (Corresponding interpretation)
Let

rk : (s0, ν0)
α0−→ (s1, ν1)

α1−→ (s2, ν2)
α2−→ . . .

αk−1−→ (sk, νk) ∈ TraceTA,k

be a finite trace of length k. Without loss of generality, assume rk uses z according
to remark 3.3.17.

For 0 ≤ k′ ≤ k, the corresponding interpretation σrk
(see figure 3.5) is defined as:

σrk
(s jk′) = tt, for s j representing state sj = sk′

σrk
(s lk′) = ff, for s l representing state sl, sl 6= sj

σrk
(z0) = 0

σrk
(zk′) = νk′(z), for z representing the absolute time reference z

σrk
(xk′) = σrk

(zk′)− νk′(x), for x representing clock x

Let ς : TraceTA,k → Mod(mcci) be the mapping assigning the corresponding
interpretation to every trace.

Remember the absolute time reference z shall represent the time passed since the
beginning of computation (definition 3.3.3). As rk uses z according to remark 3.3.17,
the value of z is directly given by the valuation.

The general concept behind the corresponding interpretation σrk
for a trace rk

of automaton A is to read off values from the trace such that the interpretation
is a model for the unrolling of an automaton, σrk

|= ϕ(A′)k. At the moment, the
automata A and A′ are not further qualified.

It will be shown now that the corresponding interpretation is well-defined in that
ς indeed maps to Mod(mcci)
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Remark 3.3.19 (Corresponding interpretation is in Mod(mcci))
Let rk be a finite trace of length k,

rk : (s0, ν0)
α0−→ (s1, ν1)

α1−→ (s2, ν2)
α2−→ . . .

αk−1−→ (sk, νk)

let σrk
be the corresponding interpretation. Then:

σrk
∈Mod(mcci)

Proof.

1. σrk
|= mutex: Let {s0, . . . , sn} be the set of state variables appearing in

configurations of rk, let {s 0k′ , . . . , s nk′} be the set of representations for the
state variables after step k′.

Consider configuration (sk′ , νk′). For all k′ > 0, by definition σrk
(s tk′) = tt

for state st = sk′ , and σrk
(s jk′) = ff for all other states sj 6= st. That means

σrk
|= (

∧
0≤i≤t−1

(¬s ik′) ∧ s tk′ ∧
∧

t+1≤j≤n

(¬s jk′))

and thus σrk
is a model for the whole disjunction:

σrk
|= ϕgc(A)k′

As σrk
|= ϕgc(A)k′ for 0 ≤ k′ ≤ k, finally

σrk
|=

∧
0≤k′≤k

ϕgc(A)k′

2. σrk
|= clocks:

σrk
|= (zk ≤ zk′) for all k, k′: This follows directly from definition 3.3.18 and

remark 3.3.17.

σrk
|= (zk − xk ≥ 0) for all k: This follows directly from definition 3.3.18, as

σrk
(zk)−σrk

(xk) = νk′(z)− (νk′(z)−νk′(x)) = νk′(z), and νk′(z) > 0 according
to remark 3.3.17.

σrk
|= (xk ≤ xk′) for all k, k′: This follows directly from definition 3.3.18 and

definition of configuration and valuation (as either νk(x) ≥ νk(x) in case of an
action transition which resets x, or νk(x) ≥ νk(x) in case of an action transition
which does not reset x, or νk(x) and νk(z) increase by the same amount of time
in case of a delay transition).

σrk
(xk)

=σrk
(zk)− νk(x)

=σrk
(zk)− νk(x)

≤σrk
(zk′)− νk′(x)

=σrk
(xk′)
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3. σrk
|= clocks init: Directly follows from definition 3.3.18, as σrk

(z0) = 0,
σrk

(x0) = σrk
(z0) − ν0(x), and furthermore νk′(x) by definition of valuation

and configuration.

Remark 3.3.20 (Corresponding interpretation satisfies invariants)
Let A ∈ TA be a timed automaton, let rk be a finite trace of length k in A,

rk : (s0, ν0)
α0−→ (s1, ν1)

α1−→ (s2, ν2)
α2−→ . . .

αk−1−→ (sk, νk)

let σrk
be the corresponding interpretation.

For every configuration (sk′ , νk′), σrk
satisfies the invariant of sk′ , that means

σrk
|= Ik′(s k’k′),

for s k’k′ representing state sk′ .

Proof. This follows directly from definition 3.3.18.

TraceTA,k Mod(mcci)

TA ϕ(TA)k

ϕ

run model
ς

τ

Figure 3.6.: Definition of corresponding trace

Definition 3.3.21 (Corresponding Trace)
Let ϕ(A)k ∈ ϕ(TA)k be the k-unrolling of a timed automaton for some given k ∈ N,
and let σ ∈Mod(mcci).

The corresponding trace tσ (see figure 3.6) ,

tσ : (s0, ν0)
α0−→ . . .

αk−1−→ (sk, νk),

is defined as

sk′ = s, for s j representing state s with σ(s jk′) = tt (*)

νk′(z) = σ(zk′), for z representing the absolute time reference z

νk′(x) = σ(zk′)− σ(xk′), for x representing clock x

αk′ =

{
τ

t

for σ(zk′) = σ(zk′+1)

for t ∈ Time, t > 0 and σ(zk′) + t = σ(zk′+1)

Let τ : Mod(mcci)→ TraceTA,k be the mapping assigning the corresponding trace
to every interpretation σ ∈Mod(mcci).
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As this is only a definition, it is not clear that the trace obtained from it is well-
defined. To proof the corresponding trace is a proper trace, it has to be shown (*)
is satisfied for a single state only (otherwise, s would not be well-defined)

It also has to be shown the time is modelled correctly. That means the initial
values are zero, the value of z increases over time, the value of a clock x always is
greater or equal zero and for a step from k to k+1, either the value of x increases by
the same amount as z (otherwise, it would be possible for x to run with a different
speed than z) or it is set to zero.

Note it is not necessary to check whether for a configuration, the valuation satisfies
the invariant of the state, as according to lemma 2.4.13, the state can be assumed
to have no invariant.

Remark 3.3.22 (Corresponding trace is well-defined)
The corresponding trace is well-defined in the sense of definition 2.4.11, that means
for all k′ ≤ k:

1. there exists exactly one unique state sk′ satisfying condition (*) and

2. time is modelled correctly, that means

� for the absolute time reference z: ν0(z) = 0 and νk′(z) ≤ νk′+1(z)

� for all clocks x ∈ X: ν0(x) = 0, νk′(x) ≥ 0 and ((νk′+1(x) − νk′(x) =
νk′+1(z)− νk′(z)) or (νk′+1(x) = 0)).

Proof. Consider configuration (sk, νk).

1. σ |= mutex by precondition (as σ ∈Mod(mcci)), that means σ |= ϕgc(A)k:

σ |= (
∧

0≤i≤t−1

(¬s ik) ∧ s tk ∧
∧

t+1≤j≤n

(¬s jk)).

Hence, σ(s tk) = tt only for state variable s t, and σ(s jk) = ff for all other
state variables s j. Thus, there exists a unique state s (represented by s t)
satisfying condition (*).

2. σ |= clocks init and σ |= clocks by precondition, as σ ∈Mod(mcci)

� σ(z0) = 0 and σ(zk′) ≤ σ(zk′+1) for all k′ ≤ k by precondition. Thus,
ν0(z) = 0 and νk′(z) = νk′+1(z) by definition of corresponding trace.

� for all clocks x ∈ X: σ(x0) = 0, σ(xk′) ≤ σ(xk′+1) and σ(zk′)−σ(xk′) ≥ 0
by precondition.

Thus, ν0(x) = 0, νk′(x) ≥ 0 and ((νk′+1(x)− νk′(x) = νk′+1(z)− νk′(z)) or
(νk′+1(x) = 0)) by definition of corresponding trace and action and delay
transition.
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For figure 3.4 to be a commuting diagram, the following properties have to hold:
The results of the model checking have to be correct, that means for every au-

tomaton A, its k-unrolling ϕ(A)k and an interpretation σ ∈Mod(mcci) being model
for the k-unrolling, the interpretation must be the corresponding interpretation for
a trace of the automaton, so that the same result can be obtained from a trace in
A (see figure 3.8).

The results of the model checking have to be complete, that means for every au-
tomaton A, its k-unrolling ϕ(A)k, an interpretation being model for the k-unrolling
and the corresponding trace, this trace really must be a trace of the automaton (see
figure 3.9)

These properties will now be shown formally.

Lemma 3.3.23 (Identity of corresponding trace and interpretation)
The composition (see definition 2.1.6) of corresponding trace and corresponding
interpretation returns the identity, that means

ς ◦ τ = τ ◦ ς = id.

See also figure 3.7.

TraceTA,k Mod(mcci)

TA ϕ(TA)k

ϕ

run model
ς

τ

Figure 3.7.: Identity of corresponding trace and interpretation

Proof.

1. Let ϕ(A)k ∈ ϕ(TA)k be the k-unrolling of a timed automaton for some given
k ∈ N, let σ ∈ Mod(mcci), let tσ be the corresponding trace of σ, let σ′tσ be
the corresponding interpretation of tσ. Then

σ = σ′tσ .

Let {s 0, . . . , s n} be the set of state variables. For every k′ with 0 ≤ k′ ≤ k,
let {s 0k′ , . . . , s nk′} ⊂ Mod(mcci) be the set of representations for states
after step k′, let {s0, . . . , sn} be the set of states in tσ, and let (sk′ , νk′) be the
configuration of tσ after step k′.

� σ |= mutex by precondition, that means there exists exactly one state
variable s j with σ(s jk′) = tt. By definition of corresponding trace,
sj = sk′ for s j representing sj. By definition of corresponding inter-
pretation, σtσ(s j) = tt, and σtσ(s l) = ff for all states s l 6= s j.
Thus,

σ(sk′) = σ′tσ(sk′) for all states s
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� σ |= clocks init by precondition, that means σ(z0) = 0. For the abso-
lute time reference z:

σ(zk′) = σ(zk′)− σ(z0) = νk′(zk′)− ν0(z0) =

def.ς
= σ′tσ(zk′)

� For all clocks x ∈ X:

σ(xk′) = σ(zk′)− (σ(zk′)− σ(xk′))
σ(zk′ )=σ′tσ (zk′ )

= σ′tσ(zk′)− (σ(zk′)− σ(xk′))

def.τ
= σ′tσ(zk′)− νk′(x)

def.ς
= σ′tσ(xk′)

Thus,
ς ◦ τ = id.

2. Let

t : (s0, ν0)
α0−→ (s1, ν1)

α1−→ (s2, ν2)
α2−→ . . .

αk−1−→ (sk, νk) ∈ TraceTA,k

be a finite trace of length k. Without loss of generality, assume t uses the
absolute time reference z (see remark 3.3.17). Let σt be the corresponding
interpretation of t, let t′σt

be the corresponding trace of σt. Then

t = t′σt
.

Let (sk′ , νk′) and (s′k′ , ν
′
k′) be the configurations of t and t′σt

, respectively, after
step k′, 0 ≤ k′ ≤ k.

� By definition of ς, σ(s jk′) = tt for s j representing sk′ , and σ(s lk′) =
ff for all other states sl 6= sk′ . That means, only the variable representing
sk′ is set to tt. By definition of τ , s′k′ = s, for s j representing state s
with σ(s jk′) = tt. That means s′k′ is the state being represented by the
unique variable with value tt. Thus,

sk′ = s′k′

� For the absolute time reference z:

νk′(z) = σt(zk′) =

def.ς
= ν ′k′(z)

� For all clocks x ∈ X:

νk′(x) = σt(zk′)−
(
σt(zk′)− νk′(x)

)
def.ς
= σt(zk′)− σt(xk′)

def.τ
= ν ′k′(x)
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TraceTA,k Mod(mcci)

TA ϕ(TA)k

ϕ

run model
ς

τ

Figure 3.8.: Correctness of Represen-
tation

TraceTA,k Mod(mcci)

TA ϕ(TA)k

ϕ

run model
ς

τ

Figure 3.9.: Completeness of Repre-
sentation

Thus,
τ ◦ ς = id.

Proposition 3.3.24 (Correctness of Representation)
Let A be a timed automaton, using the notation of remark 3.3.1. For k ∈ N, let
ϕ(A)k be its k-unrolling, let Σ(ϕ(A)k) be the corresponding signature (see figure
3.8).

1. For every trace rk of length k of automaton A,

rk : (s0, ν0)
α0−→ (s1, ν1)

α1−→ (s2, ν2)
α2−→ . . .

αk−1−→ (sk, νk),

the corresponding interpretation σrk
∈Mod(mcci) is a model for the k-unrolling,

that means
σrk
|= ϕ(A)k

2. For every interpretation σ ∈Mod(mcci) being model for the k-unrolling, there
exists a trace rk of length k of A such that σ = σrk

.

Proof.

1. The proof is done inductively on the unrolling depth k of ϕ(A)k.

IA: (Induction anchor, k = 0) By definition of corresponding interpretation
(see definition 3.3.18 on page 52):

σrk
|= s 00 for s 0 representing the initial state s0

σrk
|= ¬s j0 for s j representing state sj 6= s0

σrk
|= (x0 = 0) for x representing clock x ∈ X

σrk
|= (z0 = 0) for z representing the absolute time reference z

From the above follows

σrk
|= ϕi(A).
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By definition of corresponding interpretation, also σrk
|= ϕgc(A)0 (see

remark 3.3.19), and thus σrk
is a model for the 0-unrolling of automaton

A,
σrk
|= ϕ(A)0

IH: (Induction hypothesis) σrk
is a model for the k-unrolling ϕ(A)k of au-

tomaton A, σrk
|= ϕ(A)k.

IS: (Induction step from k to k + 1)

– In case αk = t ∈ Time, t > 0 (that means (sk, νk)
t−→ (sk+1, νk+1) is

a delay step), sk+1 = sk and νk+1 = νk + t by definition of automa-
ton trace (see definition 2.4.11 on page 23). Then, by definition of
corresponding interpretation,

σrk
|= s kk+1, for s k representing state sk

σrk
|= (zk+1 = zk + t)

σrk
|=
∧
x∈X

(xk+1 = xk) because

σ(xk+1) = σ(zk+1)− νk+1(x)

= σ(zk) + t− (νk(x) + t)

= σ(zk)− νk(x) = σ(xk)

σrk
|= Ik(s kk), (see remark 3.3.20)

σrk
|= Ik+1(s kk+1) (see remark 3.3.20)

From the above follows σrk
|= ed(sk)k+1 (see also (3.16)), thus by

definition also σrk
|= ϕE(A)k+1 (see also (3.18)). As σrk

|= ϕgc(A)k+1

(see remark 3.3.19) and σ |= ϕi(A) (see (1)), finally

σrk
|= ϕ(A)k+1

– In case αk = τ (that means (sk, νk)
τ−→ (sk+1, νk+1) is an action

transition), there exists a transition (sk, ϕ, Y, sk+1) ∈ E such that
νk+1 = νk[Y := 0]. By definition of corresponding interpretation,

σrk
|= s lk+1, for s lk+1 representing state sk+1

σrk
|= (zk+1 = zk)

σrk
|=
∧
x 6∈Y

(xk+1 = xk) for x representing clock x and

νk+1(x) = νk(x)

σrk
|=
∧
x∈Y

(xk+1 = zk+1) for x representing clock x and νk+1(x) = 0

σrk
|= ϕk,

From the above follows σrk
|= ea((sk, ϕ, Y, sk+1))k+1 (see also (3.17)),

thus by definition also σrk
|= ϕE(A)k+1. As σrk

|= ϕgc(A)k+1 and
σ |= ϕi(A), finally

σrk
|= ϕ(A)k+1
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2. Follows directly from lemma 3.3.23 for rk is tσ.

Proposition 3.3.25 (Completeness of Representation)
Let A be a timed automaton, using the notation of remark 3.3.1. For k ∈ N,
let ϕ(A)k be its k-unrolling, let Σ(ϕ(A)k) be the corresponding signature, let σ ∈
Mod(mcci) be an interpretation, let tσ be the corresponding trace of σ (see figure
3.9).

The corresponding trace tσ is a trace of automaton A, that means

tσ ∈ TraceA,k

Proof. This follows directly from lemma 3.3.23 and proposition 3.3.24.

3.4. Formula Representation of Properties

As mentioned in 1.1 and 2.6, only safety properties like “A certain state s of the
automaton can never be reached” will be considered here. This linguistic statement
can be translated into the CTL formula ¬EFs. As mentioned in 2.6, model checking
will be done for the negation of the property, that means with EFs.

Bounded model checking is done by unrolling the automaton (see section 2.6) up
to a given depth, so the property also is checked up to this depth. That means, the
property EFs to be verified no longer expressed as “s is eventually reachable”, but
instead as “s is eventually reachable within k steps”. For s being the representation
of state s, the property then translates into a formula like

s0 ∨ s1 ∨ s2 ∨ . . . ∨ sk

Note that it is not necessary to restrict the values of the other states, as this is
done by the transition relation and the mutual exclusion constraint.

However, this translation of the property is true only for the first (complete)
abstraction refinement loop. As soon as the property has been shown to be satisfied
for unrolling depth k, it is also shown to be satisfied for all unrolling depths k′′ < k,
but nothing is known about the property for unrolling depths k′ > k. Nevertheless,
the result for unrolling depth k may be reused when checking unrolling depth k′ > k:
As the property is known to be satisfied for k and all unrolling depths smaller than
k, it has to be unrolled only for those depths in between k′ and k, that means

sk+1 ∨ sk+2 ∨ . . . ∨ sk′
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3.5. Formula Representation of a System of
Automata

To obtain the transition relation for a system of timed automata, every automaton
first is translated on its own. Thereby, the events have to be taken into account: To
preserve the synchronisation strategy explained in sections 2.4.3 and 2.6.1, at most
two transitions may fire at the same time in case they are labelled with input and
output action of the same underlying channel. Thus, for every event a, two Boolean
variables a! and a? are introduced.

According to the transition relation definition obtained from the single timed
automata, a! and a? are added as conjunctive elements to the formula representation
of an action transition (definition 3.3.5). Furthermore, the constraint∧

a∈A

a!↔ a?

is added to the formula representation ϕ(A) of the automaton, to ensure either both
actions representing one event hold at the same time or both do not hold.

To ensure appropriate firing of transitions within a system of timed automata,
either one automaton does a transition labelled with the internal action τ while all
other automata do delay steps, or two automata fire a transition each (labelled with
input and output action of the same underlying channel) while all other automata
do delay steps. To ensure this behaviour, several mutual exclusion constraints are
needed:

Mutual exclusion of events: Every action transition must be labelled with an event
from A?!. For A = {e1, . . . , en}, it is enough to claim mutual exclusion for the output
events: ∨

1≤i≤n

(ei! ∧
∧

1≤j≤n
j 6=i

(¬ej!)),

as e!↔ e? assures it for the input events, too. This formula is needed once, contain-
ing all events appearing in the automata system, and is quadratic in the number of
events. In this way, mutual exclusion of events is ensured, but for a! ↔ a? ↔ tt

it is not ensured that only one transition labelled with a! and only one transition
labelled with a? fire at the same time. To ensure this, mutual exclusion of automata
is needed in the following way:

Mutual exclusion of automata: One Boolean A variable per automaton A is intro-
duced, with intended meaning that A holds iff automatonA does an action transition
and all other do delay transitions. Furthermore, one Boolean variable AB for every
ordered pair of automata (A,B) is introduced, with the intended meaning that AB
holds iff automaton A does an output action transition, automaton B does an in-
put action transition and all other automata do delay transitions. For n being the
number of automata in the system, the number of variables thus is

n︸︷︷︸
For single automaton

+ 2 ∗
(
n

2

)
︸ ︷︷ ︸

For pairs of automata

= n+ 2 ∗ n ∗ (n− 1)

2
= n2
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Only one of these variables must be true at every time, which leads to the follow-
ing mutual exclusion formula. Let {A1, . . . , An} be the set of variables for single
automaton, let {A1′ , A2′ , . . . , Am} (with m = n ∗ (n− 1)) be the set of variables for
pairs of automata. The mutual exclusion formula is∨

1≤i≤n

(Ai ∧
∧

1≤j≤n
j 6=i

(¬Aj) ∧
∧

1≤k≤m

(¬Ak))∨

∨
1≤i≤m

(Ai ∧
∧

1≤j≤m
j 6=i

(¬Aj) ∧
∧

1≤k≤n

(¬Ak)).

This formula is quadratic in the number of variables, thus in O(n4).
The transition relation of every automaton A is “divided” in four parts, and each

part conjuncted with the appropriate automaton variables:

� Part one contains all action transition formulae labelled with an output action
a! 6= τ . This part is conjuncted with the disjunction of all variables XY where
X = A.

� Part two contains all action transition formulae labelled with an input action
a? 6= τ . This part is conjuncted with the disjunction of all variables XY where
Y = A.

� Part three contains all action transition formulae labelled with the internal
action τ . This part is conjuncted with A.

� Part four contains all delay transition formulae. This part is conjuncted with
¬A ∧ ¬AY ∧ ¬XA for all variables AY and XA containing A.

In this way, mutual exclusion of transitions is ensured, and the synchronisation
strategy explained in sections 2.4.3 and 2.6.1 is preserved.

Example 3.5.1 (Mutual Exclusion of Automata)
Consider the automata as depicted in figure 3.10.

Let s1 and s2 be states in automaton A, t1 and t2 be states in automaton B and
u1 and u2 be states in automaton C. These three automata are translated with the
formula depicted in figure 3.11. Although the formula is quite long, the large size of
the example is chosen for explanatory purposes.

s1 s1 t1 t1 u1 u1

x ≤ 2, x := 0, a!

x ≤ 2, x := 0, τ

y ≤ 2, y := 0, a!

y ≤ 2, y := 0, τ

v ≤ 2, v := 0, a?

v ≤ 2, v := 0, τ

Figure 3.10.: Example of mutual exclusion of automata
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[
(A ∧ ¬B ∧ ¬C ∧ ¬AB ∧ ¬AC ∧ ¬BC ∧ ¬BA ∧ ¬CA ∧ ¬CB)∨
(¬A ∧B ∧ ¬C ∧ ¬AB ∧ ¬AC ∧ ¬BC ∧ ¬BA ∧ ¬CA ∧ ¬CB)∨
(¬A ∧ ¬B ∧ C ∧ ¬AB ∧ ¬AC ∧ ¬BC ∧ ¬BA ∧ ¬CA ∧ ¬CB)∨
(¬A ∧ ¬B ∧ ¬C ∧ AB ∧ ¬AC ∧ ¬BC ∧ ¬BA ∧ ¬CA ∧ ¬CB)∨
(¬A ∧ ¬B ∧ ¬C ∧ ¬AB ∧ AC ∧ ¬BC ∧ ¬BA ∧ ¬CA ∧ ¬CB)∨
(¬A ∧ ¬B ∧ ¬C ∧ ¬AB ∧ ¬AC ∧BC ∧ ¬BA ∧ ¬CA ∧ ¬CB)∨
(¬A ∧ ¬B ∧ ¬C ∧ ¬AB ∧ ¬AC ∧ ¬BC ∧BA ∧ ¬CA ∧ ¬CB)∨
(¬A ∧ ¬B ∧ ¬C ∧ ¬AB ∧ ¬AC ∧ ¬BC ∧ ¬BA ∧ CA ∧ ¬CB)∨
(¬A ∧ ¬B ∧ ¬C ∧ ¬AB ∧ ¬AC ∧ ¬BC ∧ ¬BA ∧ ¬CA ∧ CB)

]
∧

(a!↔ a?)

∧
(a! ∧ ¬τ) ∨ (¬a! ∧ τ)

∧[
((s1t ∧ ¬s2t) ∨ (¬s12 ∧ s2t))∧
((t1t ∧ ¬t2t) ∨ (¬t1t ∧ t2t))∧
((u1t ∧ ¬u2t) ∨ (¬u1t ∧ u2t))

]
∧[

(s1t ∧ (zt − xt ≤ 2) ∧ a!t ∧ s2t+1 ∧ (zt+1 − xt+1 = 0) ∧ (ABt ∨ ACt))∨
(s1t ∧ (zt − xt ≤ 2) ∧ τt ∧ s2t+1 ∧ (zt+1 − xt+1 = 0) ∧ A)∨

(s1t ∧ s1t+1 ∧ (xt+1 = xt) ∧ (¬A ∧ ¬AB ∧ ¬AC ∧ ¬BA ∧ ¬CA))∨
(t1t ∧ (zt − yt ≤ 2) ∧ a!t ∧ t2t+1 ∧ (zt+1 − yt+1 = 0) ∧ (BAt ∨BCt))∨

(t1t ∧ (zt − yt ≤ 2) ∧ τt ∧ t2t+1 ∧ (zt+1 − yt+1 = 0) ∧B)∨
(t1t ∧ t1t+1 ∧ (yt+1 = yt) ∧ (¬B ∧ ¬AB ∧ ¬BC ∧ ¬BA ∧ ¬CB))∨

(u1t ∧ (zt − vt ≤ 2) ∧ a?t ∧ u2t+1 ∧ (zt+1 − vt+1 = 0) ∧ (ACt ∨BCt))∨
(u1t ∧ (zt − vt ≤ 2) ∧ τt ∧ u2t+1 ∧ (zt+1 − vt+1 = 0) ∧ C)∨

(u1t ∧ u1t+1 ∧ (vt+1 = vt) ∧ (¬C ∧ ¬AC ∧ ¬BC ∧ ¬CA ∧ ¬CB))
]

Figure 3.11.: Formula obtained for the automata in figure 3.10
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4. Abstraction

4.1. Overview

Real time systems used for example in industry to control complex operations them-
selves become very complex. Therefor, it is of great importance to ensure correct
functionality of the systems even before they are installed. To ensure this, verifica-
tion techniques and model checking are used, but due to the increasing size of real
time systems, the amount of time required to return correct results also increases
(remember the state explosion problem explained in section 1.1). Abstraction tech-
niques help in dealing with this problem.

In general, abstraction means to remove information from a system which is not
relevant to the property to be satisfied. The system is viewed as a large collection
of constraints, and abstraction as removing irrelevant constraints, with the goal of
eliminating variables that occur only in the irrelevant constraints. After having
found the irrelevant constraints, verification and model checking are performed for
the reduced system, without—or at least with marginal—information loss.

One of the main problems for abstraction thus is how to defined the abstraction
function. An abstraction function defined to fine (that means only few parameters
are abstracted) will lead to state explosion, while an abstraction function defined
too coarse will lead to great information loss (in fact, abstraction always means
information loss, but with regard to the property, there exist facts which are not as
relevant as others). Abstraction techniques therefor may be distinguished by how
they deal with this information loss:

� Over-approximation techniques (such as predicate abstraction) release con-
straints which enriches the behaviour of the system (in that more traces are
possible). Correctness of the abstract system (that means the property is
satisfied in the abstract system) implies correctness of the concrete system.
Abstraction techniques providing this behaviour are also called conservative
techniques . Due to allowing more traces, over-approximation techniques ad-
mit false negatives, that means spurious counterexamples: A false negative is
a trace which violates the property in the abstract system (and thus is a coun-
terexample), but does not violate the property in the concrete system (and
thus is spurious). The abstract system is also said to simulate the concrete
system.

� Under-approximation techniques remove irrelevant behaviour from the system
which constrains the possible behaviour (in that fewer traces are possible).
Falseness of the abstract system (that means the property is not satisfied in
the abstract system) implies falseness of the concrete system. Due to allowing
fewer traces, under-approximation techniques admit false positives: A false
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positive is found in case the abstract systems claims the property to be satis-
fied, but there exists a trace in the concrete system violating the trace.

Both false positives and false negatives result from information loss in the abstract
system, compared to the concrete system. In either case, as the abstraction returns
incorrect results, it has to be refined, that means the abstraction from a (set of or
single) parameter has to be undone. Over-approximation techniques will be used
within the context of this thesis, as it is the aim to verify properties (and not refute
them, this would be done by using under-approximation techniques). For a more
detailed description of abstraction techniques, see for example (Clarke et al., 1999)
or (Clarke et al., 2003).

The question arises whether an abstraction function is correct with regard to
over- or under-approximation or not. As the name suggests, to be a correct over-
approximation function, the abstraction has to ensure the semantics of the abstract
system is a (not necessarily proper) superset of the semantics of the concrete system.
That means, on the other hand, a behaviour which is not contained in the seman-
tics of the abstract system must not be contained in the semantics of the concrete
system1. Thus, to prove an (over-approximation) abstraction function to be correct,
it has to be shown every possible behaviour of the concrete system is contained in
the possible behaviour of the abstract system.

4.2. Abstraction of Timed Automata

The abstraction of timed automata going to be presented here works on the formula
representation presented in chapter 3. Roughly speaking, the abstraction is done
by modifying the formulae representation. The exact modification (formula trans-
formation) thereby depends on the type of parameters intended to be abstracted
(clocks, events, etc).

The finite set of parameters to abstract from will be called abstraction set, denoted
by AS. Parameters of timed automata in formula representation are given by means
of variables, thus, the abstraction set will contain variables, that means AS ⊂ V∪P.
During the abstraction refinement cycle, AS will be modified (by adding/removing
parameters), depending on the model checking results of preceeding steps. To start
the verification, the initial abstraction set has to be chosen manually, depending
on the model to be checked, its supposed behaviour, the property to be verified
and some external knowledge giving advise which parameters might be needed (for
example heuristic observations regarding the usage of a certain clock).

Remember for any basic component of a timed automaton A, there will be k + 1
variables representing this component in the k-unrolling ϕ(A)k of A (one variable
for every unrolling depth), while there are up to three variables representing this
component in the formula representation ϕ(A)2. If for example x is a clock of

1The exact meaning of “semantics” and “behaviour” depends on the underlying system: For
timed automata, the semantics is defined via trace sets, while for example for formulae, the
semantics is defined via an interpretation.

2For any basic component of a timed automaton A, the formula representation ϕ(A) contains one
variable subscripted with t and one variable subscripted with t+1. Furthermore, for clocks and
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some automaton A, the k-unrolling will contain the variables x0, x1, . . . , xk, while
the formula representation will contain the variables xt, xt+1 and x0. For ease of
notation, the abstraction set shall only contain variable x (with the intended meaning
to abstract from x by abstracting from all variables x0, x1, . . . , xk in ϕ(A)k and from
the variables xt, xt+1, x0 in ϕ(A)).

4.2.1. Abstract from Clocks

Properties considered within the context of this thesis are of the form q = EFs,
expressing the question whether state s is reachable or not. The most simple solution
to this question surely is given in case s is not even reachable via the transition
relation, that means s is for example an isolated state. As for these cases, reachability
analysis is quite easy and may be done by means of graph algorithms (and hence
especially without need for formal model checking), they shall not be considered in
the sequel.

If reachability analysis is done for a single automaton, clock abstraction is enough
to gain correct results, as by removing all clocks, everything restricting the reach-
ability of s is removed (remember that for a single automaton, all transitions are
labelled with the internal action τ , as there is no possibility to synchronise). The
strategy going to be used for clock abstraction while taking this into account will
be called abstraction by omission.

In general, abstraction by omission simply deletes (while preserving a well-defined
formula structure according to definition 2.1.2) every occurrence of the parameters
from the abstraction set AS. In more detail, this will (conceptually) be done by
substituting every atomic formula containing a parameter from AS (clocks in this
case) with true.

For the purpose of clarity, the abstraction will first be presented twofold: The first
version is very simple and does not provide any simplifications (which are surely
possible for formulae containing true as subformula). The proof of correctness
benefits form this version with regard to simplicity and clarity. Afterwards, an
improved version of the abstraction by omission is presented, together with a proof
that both versions result in semantically equivalent formulae.

Abstraction by omission is not reasonable for arbitrary parameters, for more de-
tails on these restrictions, please refer to page 82.

Definition 4.2.1 (Abstraction by Omission, Simple Form)
Let A be a timed automaton, let ϕ(A) and ϕ(A)k be its formula representation and
k-unrolling for some k ∈ N, respectively. Let both ϕ(A) and ϕ(A)k be in negation
normal form (see remark 3.3.14), let AS be the abstraction set.

The abstraction of ϕ(A) from AS by omission, denoted by α(ϕ(A)), is defined by
applying transformation function α (depicted in figure 4.1) to ϕ(A). The abstraction
of ϕ(A)k from AS by omission, denoted by α(ϕ(A)k), is defined in the same way.

To avoid ambiguities regarding the abstraction set, α(ϕ(A)) and α(ϕ(A)k) may
also be written as α(ϕ(A))−AS and α(ϕ(A)k)−AS , respectively.

the initial state, ϕ(A) contains a third variable representing the component which is subscripted
with 0 (see also section 3.3)
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α : F(P ,V)nnf → F(P \ AS,V \ AS)nnf

α(L) =

{
L ⇐ Σ(L) ∩ AS = ∅
true ⇐ Σ(L) ∩ AS 6= ∅

α(F ∧G) = α(F ) ∧ α(G)

α(F ∨G) = α(F ) ∨ α(G)

Let F and G be formulae in negation normal form, let L be a literal (see page
8), let Σ(L) be the corresponding signature (see definition 2.1.11), let AS be the
abstraction set. Note that α(F ) = F in caseAS∩Σ(F ) = ∅, that means if a formula
F does not contain variables appearing in the abstraction set, the abstraction
function α returns the identity.

Figure 4.1.: Abstraction by Omission, Simple Form

Correctness Proof

Abstraction consists in omitting constraints and thus “enriching” the semantics of
the system. An abstraction thus is considered to be correct if the abstract system
does not restrict the semantics/behaviour of the concrete system. Roughly speaking,
the possible behaviour of the abstract system is a (proper) superset of the possible
behaviour of the concrete system.

What “superset” means depends on the system which is abstracted. In this case,
where the sematics of timed automata is defined via trace sets, superset means the
set of possible traces for the abstract automaton is a superset of the set of possible
traces of the concrete automaton.

The intuitive idea why abstraction by omission results in a correct abstraction is:
By omitting clock constraints, invariants and transition guards will hold more often,
so the possible behaviour is enriched.

To formally ensure the semantics is not reduced when defining an abstraction
function, a correspondance between concrete and abstract system has to be found,
expressing the concept of preserving the semantics and behaviour. This correspon-
dance will be defined with homomorphisms, mapping from the concrete to the ab-
stract system.

As the behaviour is characterised by set of possible traces (definition 2.4.11 on
page 23), a homomorphism first is defined between sets of traces. Afterwards, a
stronger correspondance may be defined by a homomorphism between transition
systems and even last, a homomorphism between timed automata is defined ex-
pressing syntactical correspondance.

Definition 4.2.2 (Homomorphism of Traces)
Let A1 and A2 be two timed automata with A1 = A2 and X2 ⊆ X1. Let SA1 and
SA2 be the associated transition systems, let TraceA1 and TraceA2 be the sets of
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traces of A1 and A2.
A function hT :TraceA1 → TraceA2 is called a homomorphism of traces (between

TraceA1 and TraceA2) iff for each trace

t1 : (s0, ν0)
α0→ (s1, ν1)

α1→ (s2, ν2) . . . ∈ TraceA1 ,

there exists a trace h(t1) = t2,

t2 : (s̃0, ν
′
0)

α0→ (s̃1, ν
′
1)

α1→ (s̃2, ν
′
2) . . . ∈ TraceA2 ,

with ν ′i = νi|X2 (ν ′i is the restriction of νi to X2, as defined in definition 2.4.5 on
page 20) and αi ∈ Time ∪ A1,?!, for all i ≥ 0.

For the sets of finite traces TraceA1,k and TraceA2,k, hT is defined analogously.

According to this definition, for each trace in TraceA1 , there exists a trace in
TraceA2 with the same observable behaviour (see definition 2.4.11), that means the
same sequence of labels. Note that indirections3 are not allowed at first glance, in
that for every trace in TraceA1 , hT requires (the existence of) a trace in TraceA2

with exactly the same observable behaviour. The homomorphism of traces thus
is equivalent to the simulation idea, in that it claims trace inclusion (that means
inclusion of trace sets).

Nevertheless, indirections are possible: Consider a trace t1 in TraceA1 and a trace
t2, such that t2 is an indirection with regard to t1. t2 may be contained in TraceA2

even though there is no trace t′2 in TraceA1 which is mapped to t2 by hT . This is due
to the fact that hT is not necessarily surjective, as the definition of homomorphism
does not claim equality but inclusion of trace sets.

The homomorphism of traces hT defines a correspondence between trace sets of
timed automata A1 and A2. It is also possible to define a homomorphism between
the associated transition systems, which is a stronger correspondence that the ho-
momorphism of traces.

Definition 4.2.3 (Homomorphism of Transition Systems)
Let A1 and A2 be two timed automata with A1 = A2, let X2 ⊆ X1. Let SA1 =
(QA1 , (s0, ν0), Time ∪ A1,?!,→1) and SA2 = (QA2 , (s̃0, ν̃0), Time ∪ A2,?!,→2) be the
associated transition systems.

A function hL:SA1 → SA2—which consists of two mappings hL:QA1 → QA2 and
hL:(→1) → (→2)—is called a homomorphism of transition systems4(between SA1

and SA2) iff

1. hL((s0, ν0)) = (s̃0, ν̃0), for ν̃0 = ν0|X2 ,

2. for each configuration (s, ν) with hL((s, ν)) = (s̃, ν̃): ν̃ = ν|X2 , that means the
valuations agree on common clock variables,

3Consider a trace t1 with (α1, α2, α3, α4, . . .) being the sequence of its labels, and a trace t2 with
(α′1, α

′
2, α

′
3, α

′
4, . . .) being the sequence of its labels. t1 is an indirection with regard to t2 if

(α′1, α
′
2, α

′
3, α

′
4, . . .) is a subsequence of (α1, α2, α3, α4, . . .).

4Formally, there is a mapping hQ:QA1 → QA2 and a mapping h→:(→1) → (→2) such that
hL = hQ ⊕ h→, but, for convenience, the above abuse of notation shall be used.
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3. for each delay transition (s, ν)
t→ (s′, ν ′) in →1, there exists a delay transition

hL((s, ν))
t→ hL((s′, ν ′)) in →2 and

4. for each action transition (s, ν)
α→ (s′, ν ′) in →1, there exists an action transi-

tion hL((s, ν))
α→ hL((s′, ν ′)) in →2.

In contrast to hT , hL not only claims the same observable behaviour but also a
structural correspondence between the associated transition systems. Indirections
are possible with the same argumentation as above.

Definition 4.2.4 (Homomorphism of Timed Automata)
Let A1 = (A, S1, s0, X1, I1, E1) and A2 = (A, S2, s̃0, X2, I2, E2) be two timed au-
tomata with X2 ⊆ X1.

A function hA:A1 → A2, which consists of mappings hA:S1 → S2 and hA:E1 → E2

is called a homomorphism of timed automata (between A1 and A2) iff

1. hA(s0) = s̃0.

2. |= I1(s)→ I2(hA(s)) for all states s ∈ S1

3. For all states s, s′ ∈ S1 and all transitions (s, α, ϕ, Y, s′) ∈ E1, there exists a

transition (hA(s), α, ϕ̃, Ỹ , hA(s′)) ∈ E2 such that |= ϕ→ ϕ̃ and Ỹ ⊆ Y .

Proposition 4.2.5 (Relationship of Homomorphisms)
The homomorphisms defined in definition 4.2.2, 4.2.3 and 4.2.4 are consecutive spe-
cialisations:

1. Every homomorphism hA of timed automata according to definition 4.2.4 in-
duces a unique homomorphism of transition systems according to definition
4.2.3.

2. Every homomorphism hL of transition systems according to definition 4.2.3
induces a unique homomorphism of traces according to definition 4.2.2.

Proof.

1. Let A1 and A2 be two timed automata with A1 = A2 and X2 ⊆ X1. Let SA1 =
(QA1 , (s0, ν0), Time ∪ A1,?!,→1) and SA2 = (QA2 , (s̃0, ν̃0), Time ∪ A2,?!,→2) be
the associated transition systems.

The homomorphism hL of transition systems, hL : SA1 → SA2 (see also defini-
tion 4.2.3), is defined as

1. hL((s0, ν0)) = (hA(s0), ν̃0), with ν̃0 = ν|X2 . (hA(s0), ν̃0) is a valid config-
uration (that means ν̃0 satisfies the invariant of hA(s0)), as hA(s0) = s̃0,
and ν̃0(x) = 0 for all clocks x ∈ X2 by definition.



CHAPTER 4. ABSTRACTION 71

2. hL((s, ν)) = (hA(s), ν̃), with ν̃ = ν|X2 . (hA(s), ν̃) is a valid configuration,
as |= I1(s)→ I2(hA(s)) and ν(x) = ν̃(x) for all clocks x ∈ X2.

3. For each delay transition (s, ν)
t→ (s′, ν ′) in →1, the delay transition

hL((s, ν))
t→hL((s′, ν ′)) in →2 is defined as (hA(s), ν|X2)

t→(hA(s′), ν ′|X2):
According to lemma 2.4.7 (convex invariants), this delay step is well-
defined.

4. For each action transition (s, ν)
α→ (s′, ν ′) in →1, the action transition

hL((s, ν))
α→hL((s′, ν ′)) in →2 is defined as (hA(s), ν|X2)

α→(hA(s′), ν ′|X2):
By definition of SA1 , there exists a transition (s, α, ϕ, Y, s′) ∈ E1 such that
ν |= ϕ and ν ′ = ν[Y := 0]. By definition 4.2.4, there exists a transition

(hA(s), α, ϕ̃, Ỹ , hA(s′)) ∈ E2 such that ν|X2 |= ϕ̃ and ν ′|X2 = ν|X2 [Ỹ := 0],
and the action transition is well-defined.

2. Directly follows from definition 4.2.3.

Roughly speaking, an abstraction is correct if the semantics of the abstract system
is not reduced with regard to the concrete system, and thus every possible behaviour
of the concrete system also is a possible behaviour in the abstract system. As the
semantics of timed automata is defined via trace sets (see definition 2.4.11), an

abstraction of timed automata is correct if for all timed automata A and Ã, such
that Ã is obtained from A by abstraction, there exists a homomorphism of traces

hT :TraceA,k → Trace eA,k,

as defined in definition 4.2.2. Thus, for the abstraction by omission to be correct,
the abstraction function α has to be proved to preserve this property.

To formally prove the correctness, figure 4.2 is shown to be a commuting dia-
gram. Therefor, recall the following definitions: TA denotes the set of all timed
automata (definition 2.4.3), ϕ(TA)k denotes the set of all k-unrollings (definition
3.3.11), TraceTA,k denotes the set of all finite traces of length k (definition 2.4.11),
Mod(mcci) denotes the set of interpretations satisfying the constraints mcci (equa-
tion (3.24)).

TraceTA,k Mod(mcci) Mod(mcci) TraceTA,k

TA ϕ(TA)k ϕ(TA)k TA
ϕ α ϕ

run model model run
ς

τ

⊆ τ

ςhT

Figure 4.2.: Overview of Abstraction by Omission: Commuting diagram

Theorem 4.2.6 (Correctness of Abstraction by Omission)
Let AS ⊆ X be an abstraction set containing only clocks.

Using this, there exists a homomorphism of traces hT such that figure 4.2 is a
commuting diagram, that means the abstraction by omission is correct.
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TraceTA,k Mod(mcci) Mod(mcci) TraceTA,k

TA ϕ(TA)k ϕ(TA)k TA
ϕ α ϕ

run model model run
ς

τ

⊆ τ

ςhT

Figure 4.3.: Abstraction by Omission: Basic proof idea

The basic idea of the proof is the following (for explanatory purposses of this
idea, please consider figure 4.3): For an automaton A and its k-unrolling ϕ(A)k,
α preserves the k-unrolling, that means the abstraction of ϕ(A)k from AS ⊆ X

by omission, α(ϕ(A)k), also is the k-unrolling of some automaton Ã (upper part
of figure 4.3)5. Although the abstraction function α does not return an automaton

but a formula representation, this is of little importance, as automaton Ã may be
“derived” from the formula representation α(ϕ(A)k). Proposition 4.2.10 shows the

existence of Ã. For t being a trace in A and t′ being a trace in Ã, such that hT (t) = t′

(leftmost and lower part of figure 4.3), there exists an interpretation σ, being model

for the k-unrolling of Ã, such that t′ is the corresponding trace tσ of σ (and thus,
by lemma 3.3.23, also σ is the corresponding interpretation σt′ of t′). The existence
of this homomorphism will be shown in the proof of theorem 4.2.6.

In other words: The possible behaviour of the abstract automaton Ã (represented
by the set of traces Trace eA,k) is obtained from the possible behaviour (the set of
traces TraceA,k) of the concrete automaton A and the homomorphism of traces hT .
Trace eA,k also is obtained from the k-unrolling ϕ(A)k of A, the abstraction function
α, the set of interpretations being model for α(ϕ(A)k) and the set of corresponding
traces for these interpretations. Thus, the abstraction by omission is correct for
clocks.

In addition to those parts depicted in figure 4.3, the other parts of figure 4.2 will
be shown to form a commuting diagram, too.

TraceTA,k Mod(mcci) Mod(mcci) TraceTA,k

TA ϕ(TA)k ϕ(TA)k TA
ϕ α ϕ

run model model run
ς

τ

⊆ τ

ςhT

Figure 4.4.: Abstraction by Omission: First Commuting Subdiagram

Remark 4.2.7 (Commuting Subdiagram)
The two subparts of figure 4.2 depicted in figure 4.4 represent a commuting diagram
each. This follows directly from propositions 3.3.24 and 3.3.25 in section 3.3.4.

5In the same way, for ϕ(A) being the formula representation of automaton A, the abstraction of
ϕ(A) from AS ⊆ X by omission is the formula representation of some automaton Â.
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The right part of figure 4.4 is a commuting diagram when considered seperately
(according to propositions 3.3.24 and 3.3.25). Nevertheless, with regard to the overall
context of figure 4.2, the fact that the abstraction function does not return an
automaton but a formula (as mentioned above) has to be taken into account, as—
strictly speaking—the phrase “commuting diagram” is not fully correct then. But
due to the fact that proposition 4.2.10 will prove the existence of an appropriate
timed automaton, using the expression “commuting diagram” is justifiable.

Lemma 4.2.8 (Weakening through Abstraction by Omission)
Let F be a formula in negation normal form, let α(F ) be the abstract formula
obtained from abstraction by omission, with abstraction set AS ⊆ Σ(F ).

The abstraction by omission α(F ) is a conservative approximation of F , that
means α(F ) is weaker that F and

|= F → α(F ). (4.1)

Proof. Let L be a literal. The proof is done inductively on the structure of F :

IA: F = L:

– If Σ(L) ∩ AS = ∅, then α(F ) = L. (|= L→ L) holds trivially.

– If Σ(L) ∩ AS 6= ∅, then α(F ) = true. (|= L→ true) holds trivially.

IH: For formulae F1 and F2 being subformulae of F , let (|= F1 → α(F1)) and
(|= F2 → α(F2)).

IS: F = F1 ∧ F2:

α(F ) = α(F1∧F2) = α(F1)∧α(F2) by definition of α. By IH and propositional
logic (definition of ∧ and →):

|= (F1 ∧ F2)→ (α(F1) ∧ α(F2))

F = F1 ∨ F2:

α(F ) = α(F1∨F2) = α(F1)∨α(F2) by definition of α. By IH and propositional
logic (definition of ∨ and →):

|= (F1 ∨ F2)→ (α(F1) ∨ α(F2))

To be able to show the abstraction by omission preserves the k-unrolling, it will
first be shown that clock constraints are preserved, that means for a clock constraint
ϕ, α(ϕ) is a valid clock constraint in the sense of definition 2.4.1.

Remark 4.2.9 (Abstraction by Omission preserves Clock Constraints)
Let ϕ ∈ Φ(X) be a clock constraint over a set of clocksX, as obtained from definition
2.4.1, let AS ⊆ X be an abstraction set containing only clocks.

The abstraction function α preserves the clock constraints, that means the ab-
straction of ϕ from AS by omission, denoted by α(ϕ)−AS , also is a well-defined
clock constraint over X.
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Proof. By definition, α only changes literals (see definition 4.2.1) and thus preserves
the logical structure6. Furthermore, a literal may only be converted to true. Thus,
by definition of clock constraints (definition 2.4.1):

α(ϕ)−AS ∈ Φ(X).

Using this remark, it is now possible to show the abstraction by omission preserves
the formula representation and k-unrolling, respectively.

Proposition 4.2.10 (Abstraction by Omission preserves Formula Repre-
sentation)
Let A = (A, S, s0, X, I, E) be a timed automaton, using the notation of remark 3.3.1.
Let ϕ(A) and ϕ(A)k be the formula representation and k-unrolling ofA, respectively.
Remember they are in negation normal form (see remark 3.3.14). For AS ⊆ X be-
ing an abstraction set containing only clocks of A, the abstraction by omission
preserves the formula representation and k-unrolling, respectively; that means there
exists an automaton A′ with formula representation ϕ(A′) and k-unrolling ϕ(A′)k,
respectively, such that

ϕ(A′) = α(ϕ(A)) and

ϕ(A′)k = α(ϕ(A)k).

Proof. Let Ã = (Ã, S̃, s̃0, X̃, Ĩ, Ẽ) be a timed automaton with

� Ã = A,

� S̃ = S,

� s̃0 = s0,

� X̃ = X \ AS,

� Ĩ(s) = α(I(s))−AS and

� Ẽ = {(s, α(ϕ)−AS , Y, s
′) | if there exists a transition e = (s, ϕ, Y, s′) ∈ E }

Using this, Ã is equal to A apart from the fact that the abstraction function
α—with abstraction set AS ⊆ X as defined above—has been applied to all its
clock constraints ϕ, that means to guards and invariants. The clock constraints
are well-defined according to remark 4.2.9. Let ϕ(Ã) and ϕ(Ã)k be the formula

representation and k-unrolling of Ã, respectively.
The formula representation ϕ(A) is defined as (see (3.15) in definition 3.3.10)

ϕ(A) = ϕgc(A) ∧ ϕE(A) ∧ ϕi(A),

6The logical structure of a formula is the order of its literals and the logical operators ∧, ∨ and
¬. For example, for a formula F = (p ∨ ¬q) ∧ ¬(r ∧ ¬(x = 5)), with p, q, r ∈ P being atomic
propositions and x ∈ V being a variable, the logical structure is F = (l1 ∨ l2) ∧ ¬(l3 ∧ l4) (for
literals li). Note that an occurrence of ¬ is part of the logical structure only if it is not part of
a literal.
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and the abstraction by omission of this formula is

α(ϕ(A)) = α (ϕgc(A) ∧ ϕE(A) ∧ ϕi(A))

def. 4.2.1
= α (ϕgc(A)) ∧ α (ϕE(A)) ∧ α (ϕi(A)) .

Consider the parts separately:

� The formula representation of the general constraints (that means mutual state
exclusion) does not contain clocks (but only states, see definition 3.3.9), that
means AS ∩Σ(ϕgc(A)) = ∅, and thus applying α does not change the formula
(see also definition 4.2.1):

α(ϕgc(A)) = ϕgc(A).

Considering definition 3.3.9, α(ϕgc(A)) obviously is a well-defined general con-
straint representation. Furthermore,

α(ϕgc(A)) = ϕgc(Ã) (4.2)

(directly follows from definition of Ã), as the set of states of automaton A and

automaton Ã is identical.

� The abstraction of the transition relation is defined as:

α(ϕE(A))
def. 3.3.7

= α

 ∨
(s,ϕ,Y,s′)∈E

ea((s, ϕ, Y, s
′)) ∨

∨
s∈S

ed(s)


def. 4.2.1

=
∨

(s,ϕ,Y,s′)∈E

α (ea((s, ϕ, Y, s
′))) ∨

∨
s∈S

α(ed(s))

Consider a single transition (s, ϕ, Y, s′), together with its formula representa-
tion ea = ((s, ϕ, Y, s′)):

α (ea((s, ϕ, Y, s
′)))

def. 3.3.5
= α

(
st ∧ s′t+1 ∧ ϕt ∧ (zt = zt+1)∧

∧
x∈Y

(xt+1 = zt+1) ∧
∧
x 6∈Y

(xt = xt+1)

)
def. 4.2.1

= α(st) ∧ α(s′t+1) ∧ α(ϕt) ∧ α(zt = zt+1)∧∧
x∈Y

α (xt+1 = zt+1) ∧
∧
x 6∈Y

α(xt = xt+1)

s,s′,z 6∈AS
= st ∧ s′t+1 ∧ ϕ̃t ∧ (zt = zt+1)∧∧

x∈Y \AS

(xt+1 = zt+1) ∧
∧

x∈Y \AS

(xt = xt+1),
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with α(ϕt) = ϕ̃t. ϕ̃t is a well-defined guard according to remark 4.2.9. Con-
sidering definition 3.3.5, α(ea((s, ϕ, Y, s

′))) is a well-defined representation of
an action transition. Furthermore, from the above follows

α(ea((s, ϕ, Y, s
′))) = ea((s, α(ϕ), Y, s′)).

By definition of Ẽ, for (s, ϕ, Y, s′) being a transition of A, (s, α(ϕ), Y, s′) is a

transition of Ã, and as this holds for every transition (s, ϕ, Y, s′):∨
(s,ϕ,Y,s′)∈E

α (ea((s, ϕ, Y, s
′))) =

∨
(s,α(ϕ),Y,s′)∈ eE

ea((s, α(ϕ), Y, s′)). (4.3)

Now, consider the formula representation ed(s) for a single delay step for a
certain state s:

α(ed(s))
def. 3.3.6

= α

(
st ∧ st+1 ∧ It(st) ∧ It+1(st+1)∧

∧
x∈X

(xt = xt+1) ∧ (zt < zt+1)

)
def. 4.2.1

= α(st) ∧ α(st+1) ∧ α(It(st)) ∧ α(It+1(st+1))∧∧
x∈X

α(xt = xt+1) ∧ α(zt < zt+1)

s,z 6∈AS
= st ∧ st+1 ∧ Ĩt(st) ∧ Ĩt+1(st+1)∧∧

x∈X\AS

(xt = xt+1) ∧ (zt < zt+1),

with α(It(st)) = Ĩt(st) and α(It+1(st+1)) = Ĩt+1(st+1). Ĩt(st) and Ĩt+1(st+1)
are well-defined invariants according to remark 4.2.9. Considering definition
3.3.6, α(ed(s)) is a well-defined representation of a delay step. Moreover, using

the definition of Ĩ, from the above follows

α(ed(s)) = ed(s̃)

for s ∈ S, s̃ ∈ S̃, and thus ∨
s∈S

α(ed(s)) =
∨
s∈eS

ed(s). (4.4)

Considering definition 3.3.7, from (4.3) and (4.4) follows:

α(ϕE(A)) = ϕE(Ã) (4.5)
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� For the initial conditions:

α (ϕi(A))
def. 3.3.8

= α(s 00 ∧ (z0 = 0) ∧
∧
x∈X

(x0 = 0))

def.4.2.1
= α(s 00) ∧ α(z0 = 0) ∧

∧
x∈X

α((x0 = 0))

s0,z 6∈AS
= s 00 ∧ (z0 = 0) ∧

∧
x∈X\AS

(x0 = 0)

Thus, α(ϕi(A)) is a well-defined representation of initial constraints as defined
in definition 3.3.8, and

α(ϕi(A)) = ϕi(Ã) (4.6)

(directly follows from definition of Ã).

Consider again α(ϕ(A)):

α(ϕ(A)) = α (ϕgc(A)) ∧ α (ϕE(A)) ∧ α (ϕi(A))
(4.2),(4.5),(4.6)

=

= ϕgc(Ã) ∧ ϕE(Ã) ∧ ϕi(Ã)
def. eA
=

= ϕ(Ã),

that means applying the abstraction function α to the formula representation ϕ(A)

of A returns the formula representation ϕ(Ã) of automaton Ã.
The argumentation for

ϕ(Ã)k = α(ϕ(A)k)

is done in the same style.
Thus, the abstraction by omission preserves the formula representation and k-

unrolling.

Using this proposition, the “middle part” of figure 4.2 is shown to be a partially
commuting diagram. Partially commuting in this context means: For a k-unrolling
ϕ(A)k of a timed automaton A and an interpretation σ ∈ Mod(mcci) being model
for ϕ(A)k, σ is also an interpretation for α(ϕ(A)k). But for σ′ ∈ Mod(mcci) being
model for α(ϕ(A)k), σ

′ is not necessarily a model for ϕ(A)k. This fact is expressed
by the “⊆” sign labelling the lower middle part of figure 4.2.

Remark 4.2.11 (Commuting Subdiagram)
The subpart of figure 4.2 depicted in figure 4.5 is a partially commuting diagram.

Proof. Let ϕ(A)k be the k-unrolling for some automaton A, let α(ϕ(A)k) be the
abstraction of ϕ(A)k by omission.

The abstraction function α preserves the k-unrolling (see proposition 4.2.10), that

means α(ϕ(A)k) also is the k-unrolling of some other automaton Ã (upper part of
figure 4.5).
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TraceTA,k Mod(mcci) Mod(mcci) TraceTA,k

TA ϕ(TA)k ϕ(TA)k TA
ϕ α ϕ

run model model run
ς

τ

⊆ τ

ςhT

Figure 4.5.: Abstraction by Omission: Second Commuting Subdiagram

As has been shown in lemma 4.2.8, the abstraction by omission is a conservative
approximation, that means

|= ϕ(A)k → α(ϕ(A)k)

(ϕ(A)k → α(ϕ(A)k) is a valid formula, see also page 13). Thus, all interpretations
σ ∈Mod(mcci) are a model for ϕ(A)k → α(ϕ(A)k), that means

IJϕ(A)k → α(ϕ(A)k)K(σ) = tt.

Let σ′ ∈ Mod(mcci) be a model for ϕ(A)k (left part of figure 4.5), that means
IJϕ(A)kK(σ) = tt (see also definition 2.1.10). As ϕ(A)k → α(ϕ(A)k) is valid, σ′

also is a model for this formula: IJϕ(A)k → α(ϕ(A)k)K(σ′) = tt.
Thus, by definition of → and the semantics of formulae, σ′ also is a model for

α(ϕ(A)k), that means

IJα(ϕ(A)k)K(σ′) = tt

and hence, figure 4.5 is a partially commuting diagram.

What remains to be shown for figure 4.2 to be a commuting diagram is the exis-
tence of a homomorphism hT , as defined in definition 4.2.2.

Proof of theorem 4.2.6. Let A be timed automaton, let ϕ(A)k be its k-unrolling
for some k ∈ N, let Mod(ϕ(A)k) be the set of interpretations being model for ϕ(A)k,
let TraceA,k be the set of finite traces of length k of A, and let AS ⊆ X be the
abstraction set containing only clocks from A. Let α(ϕ(A)k)−AS be the abstraction
from ϕ(A)k by omission, let Mod(α(ϕ(A)k)−AS) be the set of interpretations being
model for α(ϕ(A)k)−AS . For every interpretation σ ∈Mod(α(ϕ(A)k)−AS), let tσ be
the corresponding trace (see definition 3.3.21), let Traceα(ϕ(A)k)−AS be the set of all
these traces.

For a trace t ∈ TraceA,k,

t : (s0, ν0)
α0→ (s1, ν1)

α1→ (s2, ν2) . . .
αk−1→ (sk, νk),

let ς(t) = σt ∈ Mod(ϕ(A)k) be the corresponding interpretation of t (see definition
3.3.18), let σ′ ∈Mod(α(ϕ(A)k)−AS) be an interpretation defined as

σ′(v) =

{
σt(v), v ∈ α(ϕ(A)k)−AS

undefined, otherwise
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for v ∈ V ∪P7 (see also remark 4.2.11). Note that σ′ is well-defined, as by definition
of α: V ar(α(ϕ(A)k)−AS) ⊆ V ar(ϕ(A)k) . Let τ(σ′) = tσ′ ∈ Traceα(ϕ(A)k)−AS be the
corresponding trace of σ′ (see definition 3.3.21),

tσ′ : (s̃0, ν̃0)
fα0→ (s̃1, ν̃1)

fα1→ (s̃2, ν̃2) . . .
gαk−1→ (s̃k, ν̃k).

Let hT : TraceA,k → Traceα(ϕ(A)k)−AS be a mapping, with hT (t) = tσ′ for traces
t, tσ′ as defined above. Using this, hT is a homomorphism as defined in definition
4.2.2:

� By definition of α, ϕ(A)k and α(ϕ(A)k) contain the same set of actions A.
From remark 4.2.11 follows: σ′(α) = σt(α), for all actions α ∈ A and α
being the representation of α. Thus, by definition of corresponding interpre-
tation and corresponding trace: αi = α̃i, i ∈ {0, . . . , k − 1}, for all transitions

(si, νi)
αi→ (si+1, νi+1) and (s̃i, ν̃i)

fαi→ (s̃i+1, ν̃i+1) as defined above, that means
the sequences of labels of t and tσ′ are identical.

� Let X = AS
�
∪ AS. By definition of α and Traceα(ϕ(A)k)−AS , traces contained

in Traceα(ϕ(A)k)−AS only contain clocks from AS. For a valuation νi (obtained

from t) and a clock x in AS, let xi be the representation of x “at step i”, as
defined in definition 3.3.18. By definition of σ′: σ′(xi) = σt(xi), and hence by
definition of corresponding trace (definition 3.3.21): νi(xi) = ν̃i(xi).

Finally, hT is a homomorphism as defined in definition 4.2.2. Using the results
of remark 4.2.7, proposition 4.2.10 and remark 4.2.11, figure 4.2 is a commuting
diagram and thus, the abstraction by omission is correct.

Improved Abstraction

The abstraction function α, as presented in definition 4.2.1, is a correct for ab-
straction of clocks, as has been shown in the previous section. However, α is not
efficient, as formulae containing true as a subformulae may be simplified in most
cases. Therefor, an improved version αs (still working on formulae in negation nor-
mal form) of the abstraction function α will be presented.

The abstraction function α works top-down, in that it is recursively applied to
subformulae (see figure 4.1). In contrast to that, αs works bottom-up. The basic
idea of αs is the fact that a formula containing true as subformula may be simplified
in consideration of the context (that means in consideration of the logical structure)
the subformula appears in.

Definition 4.2.12 (Abstraction by Omission, Improved Form)
Let A be a timed automaton, let ϕ(A) and ϕ(A)k be its formula representation and
k-unrolling for some k ∈ N, respectively. Let both ϕ(A) and ϕ(A)k be in negation
normal form (see remark 3.3.14), let AS be the abstraction set.

7Roughly speaking, σ′ is obtained from restricting σt to α(ϕ(A)k)−AS .
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The improved abstraction of ϕ(A) from AS by omission, denoted by αs(ϕ(A)),
is defined by applying transformation function αs (depicted in figure 4.6) to ϕ(A).
The improved abstraction of ϕ(A)k from AS by omission, denoted by αs(ϕ(A)k), is
defined in the same way.

To avoid ambiguities regarding the abstraction set, αs(ϕ(A)) and αs(ϕ(A)k) may
also be written as αi(ϕ(A))−AS and αi(ϕ(A)k)−AS , respectively.

αs : F(P ,V)nnf → F(P \ AS,V \ AS)nnf

αs(L) =

{
L

true

⇐ Σ(L) ∩ AS = ∅
⇐ Σ(L) ∩ AS 6= ∅

αs(F ∧G) =


αs(F ) ∧ αs(G)

αs(F )

αs(G)

true

⇐ αs(F ) 6= true and αs(G) 6= true

⇐ αs(G) = true and αs(F ) 6= true

⇐ αs(F ) = true and αs(G) 6= true

⇐ αs(F ) = αs(G) = true

αs(F ∨G) =

{
αs(F ) ∨ αs(G)

true

⇐ αs(F ) 6= true and αs(G) 6= true

⇐ αs(F ) = true or αs(G) = true

Let F and G be formulae in negation normal form, let L be a literal (see page 8),
let Σ(L) be the corresponding signature (that means the set of variables appearing
in L, see definition 2.1.11). Note that αs(F ) = F in case AS ∩ Σ(F ) = ∅, that
means if a formula F does not contain variables appearing in the abstraction set,
the improved abstraction function αs returns the identity.

Figure 4.6.: Abstraction by Omission, Improved Form

Note that for a formula F , αs(F ) will be smaller than α(F ), that means the
absolute number of literals and logical symbols in αs(F ) is smaller (or at most
equal) than the absolute number of literals and logical symbols in α(F ). This is
due to the fact that α only replaces literals with true, while αs omits them, and in
fact, αs not only omits literals but also larger subformulae. Nevertheless, α(F ) and
αs(F ) are semantically equivalent, as will be shown by the following remark.

Remark 4.2.13 (Equivalence of α and αs)
Let F be a formula in negation normal form, let AS be the abstraction set, let α(F )
be the abstraction of F by omission (according to definition 4.2.1), and let αs (F)
be the improved abstraction of F by omission (according to definition 4.2.12). α(F )
and αs (F) are semantically equivalent, that means

|= α(F )↔ αs(F )

Proof. Let L be a literal. The proof is done inductively on the structure of F :
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IA: F = L: As the definitions of α and αs agree on literals (see figures 4.1 and
4.6), (|= α(L)↔ αs(L)) holds trivially.

IH: For formulae F1 and F2 being subformulae of F , let (|= α(F1)↔ αs(F1)) and
(|= α(F2)↔ αs(F2)).

IS: F = F1 ∧ F2: By IH and propositional logic (definition of ↔ and ∧):

|= (α(F1) ∧ α(F2))↔ (αs(F1) ∧ αs(F2)), (*)

and, by definition 4.2.1:

α(F1 ∧ F2) = α(F1) ∧ α(F2) (**)

– If αs(F1) 6= true and αs(F2) 6= true, then αs(F1 ∧ F2)
def. 4.2.12

= αs(F1) ∧
αs(F2). Thus,

|= α(F1) ∧ α(F2)↔ αs(F1) ∧ αs(F2)

directly follows from (*) and (**).

– If αs(F1) 6= true and αs(F2) = true, then αs(F1 ∧ F2)
def. 4.2.12

= αs(F1).
|= (α(F1) ∧ α(F2)) ↔ (αs(F1) ∧ true) by (*), and |= (αs(F1) ∧ true) ↔
αs(F1) by definition of ∧. Thus, by (**):

|= α(F1) ∧ α(F2)↔ αs(F1).

– If αs(F1) = true and αs(F2) 6= true, then αs(F1 ∧ F2)
def. 4.2.12

= αs(F2).
|= (α(F1) ∧ α(F2)) ↔ (true ∧ αs(F2)) by (*), and |= (true ∧ αs(F2)) ↔
αs(F2) by definition of ∧. Thus, by (**):

|= α(F1) ∧ α(F2)↔ αs(F2).

– If αs(F1) = true and αs(F2) = true, then αs(F1 ∧ F2)
def. 4.2.12

= true

|= (α(F1)∧ α(F2))↔ true∧ true) by (*), and |= (true∧ true)↔ true

by definition of ∧. Thus, by (**):

|= α(F1) ∧ α(F2)↔ αs(F1).

F = F1 ∨ F2: By IH and propositional logic (definition of ↔ and ∨):

|= (α(F1) ∨ α(F2))↔ (αs(F1) ∨ αs(F2)), (?)

and, by definition 4.2.1,

α(F1 ∨ F2) = α(F1) ∨ α(F2). (??)

– If αs(F1) 6= true and αs(F2) 6= true, then αs(F1 ∨ F2)
def. 4.2.12

= αs(F1) ∨
αs(F2). Thus,

|= α(F1 ∨ F2)↔ αs(F1) ∨ αs(F2)

directly follows from (?) and (??).
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– If αs(F1) = true or αs(F2) = true, then αs(F1 ∨ F2)
def. 4.2.12

= true.
|= (α(F1) ∨ α(F2))↔ (true ∨ true) by (?), and |= true ∨ true↔ true

by definition of ∨. Thus, by (??),

|= (α(F1) ∨ α(F2))↔ true.

Thus, for a formula F , the formulae α(F ) and αs(F ) are semantically equivalent,
and all results from the preceeding section obtained for α also hold for αs. This
means in particular: αs is correct. Therefor, when talking about abstraction by
omission in the sequel, this shall refer to the improved version αs.

Conclusion

The abstraction by omission is a correct abstraction for “omissible parameters”, but
it is not sensible for arbitrary parameters, as the resulting formulae might not be well-
defined (in the sense of section 3.3) any more. For a timed automaton A, omissible
parameters are those which can be removed from A without loosing well-definedness,
that means the result after removing the parameters still is a well-defined timed
automaton according to definition 2.4.3. Examples for omissible parameters are
clocks, clock constraints (guards as well as invariants) and events.

For omissible parameters, abstraction by omission is a simple but powerful ab-
straction technique: The abstraction function is very concise and can easily be
applied to formulae. Furthermore, with respect to reachability analysis, abstraction
by omission will yield results very quickly, as omissible parameters are those which
mainly restrict reachability (see also page 67).

On the other hand, abstraction by omission is not reasonable for states, as remov-
ing a state variable s without paying attention to the constraints associated with
it does not preserve the formula representation. To abstract from states, further
methods to also remove the invariant and to somehow preserve the transition rela-
tion would be needed in addition to the abstraction by omission function. Possible
approaches for state abstraction are presented in section 4.2.2.

4.2.2. Abstract from States

The abstraction of states may be done according to (Dierks, 1999): Two states s
and s′ are combined to a new state s̃ by

1. redirecting all in- and outgoing transitions of s and s′ to s̃

2. creating an invariant for s̃ by disjunction of the invariants of s and s′.



5. Craig Interpolation

5.1. Overview

Craig interpolants(Craig, 1957b) are used in model checking and abstraction refine-
ment in a variety of cases, consider for example (McMillan & Jhala, 2005), (McMil-
lan, 2005a), (McMillan, 2003) and (Henzinger et al., 2004).

Definition 5.1.1 (Craig Interpolant)
Let (A,B) be a pair of formulae, with 6|= A ∧ B. A Craig interpolant for A and B
is a formula C such that

|= A→ C (5.1)

|= ¬(C ∧B) (5.2)

Σ(C) ⊆ Σ(A) ∩ Σ(B) (5.3)

Thus, a Craig interpolant for an inconsistent pair of formulae (A,B) is a formula
that is implied by A, inconsistent with B and refers only to the common variables
of A and B. For C being the interpolant of A and B, A is called prefix of C and B
is called suffix of C.

As Craig interpolants are the only interpolants considered in this thesis, they will
simply be called interpolants.

Remark 5.1.2 (Interpolant for a Pair of Formula Sets)
Craig interpolants are not only defined for a pair of formulae (A,B), but also for a
pair of sets of formulae, that means for ({A1, . . . , An}, {B1, . . . , Bm}). For C being
an interpolant for the pair of sets, the intended meaning is that C is an interpolant
for the conjunction (A1 ∧ . . . ∧ An, B1 ∧ . . . ∧Bm) (see also remark 2.1.4).

Note that in general, interpolants are not unique. This follows directly from
definition 5.1.1. However, there always exists a weakest and a strongest interpolant:

Definition 5.1.3 (Weakest and strongest interpolant)
Let (A,B) be a pair of formulae. The weakest interpolant for (A,B), is the in-
terpolant C that is implied by all other interpolants for (A,B). The strongest
interpolant for (A,B), is the interpolant C that implies all other interpolants for
(A,B).

The notation of the weakest and the strongest interpolant is well-defined, as weak-
est and strongest interpolant are unique. This has been proven in (Kiefer, 2005), for
example.

By definition, an interpolant C for a pair (A,B) always is an over-approximation
of the set of valuations satisfying the prefix (see (5.1)). Equivalently, the interpolant
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always is an under-approximation of the set of valuation which are inconsistent with
the suffix (see (5.2)). Thus, the interpolant is an abstraction of the prefix containing
only the information which is relevant for the inconsistency of prefix and suffix and
thus is a way of filtering out irrelevant information from the prefix.

For formulae A and B and a resolution proof of unsatisfiability, an interpolant for
(A,B) can be derived in linear time, which will be shown in the next section. When
using a resolution proof obtained from a SAT solver, the interpolant may be seen
as a way of capturing the facts which the solver derived about the prefix and which
are relevant for the inconsistence.

5.2. Deriving Interpolants from Proofs

The interpolation theorem shown in (Craig, 1957b) states that for an inconsistent
pair of formulae, an interpolant always exists. However, to be able to use them for
model checking, a proof of existence is not enough, the interpolants also have to be
effectively computable.

In (Pudlák, 1997), (McMillan, 2003) and (McMillan, 2004), algorithms and rules
are presented to derive an interpolant for an inconsistent pair of formulae from a
resolution proof. To provide a short insight into the technique of deriving inter-
polants and how interpolants in an interpolant sequence are related, the algorithm
of (McMillan, 2003) (which, for propositional formulae, equals the one in (McMillan,
2004)) will be briefly presented.

Conceptually, the algorithm works as follows: Given a resolution proof of unsat-
isfiability for two formulae A and B. Starting with the premises, every clause of
the proof is annotated with an intermediate formula representing information about
the clause itself (in case of a premise) or the satisfiability of the clauses where this
clause has been resolved from. The annotated formulae will be called “intermediate
interpolants” in the sequel. The formula annotated to the root node (which is �, as
it is a proof of unsatisfiability) represents the (final) interpolant for A and B.

Definition 5.2.1 (Interpolant for Resolution Proof)
Let A and B be two propositional clause sets, let (G1, . . . , Gn,�) be a resolution
proof of � from A and B (see also definition 2.1.13), that means a proof of unsat-
isfiability. A propositional variable is called local to A if it appears in clauses of A
but not in clauses of B, otherwise, it is called global. A literal is local to A iff the
variable it contains is local to A. For c being a clause, let g(c) denote the disjunction
of all global literals appearing in c.

All clauses c of the proof are annotated with a formula i(c) according to the
following rules:

i(c) = g(c), if c is a clause from A

i(c) = true, if c is a clause from B

i(c) = i(c1) ∨ i(c2), if {c1, c2} ` c is a resolution step on a variable

local to A

i(c) = i(c1) ∧ i(c2), if {c1, c2} ` c is a resolution step on a variable

not local to A
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i(�) is the interpolant for A and B.
For the proof of soundness, that means to show i(�) really is an interpolant for

the pair (A,B), please consider (McMillan, 2004).

Using this definition, the complexity for deriving an interpolant from a given
resolution proof of unsatisfiability is linear in the size of the proof, although the
proof itself may be exponential in the size of A ∧ B in the worst case1. Note that
the interpolant for A and B derived in this way is unique with regard to the proof,
but as there may be several proofs of unsatisfiability for the same clause sets, the
interpolant is not unique in general.

Although definition 5.2.1 derives an interpolant for propositional formulae only,
rules for dealing with other formulae may be defined in a similar way. For further
details, please refer to (McMillan, 2004): The author presents rules to compute
an interpolant not only for propositional formulae, but also for linear inequalities,
equalities and uninterpreted function symbols2. The complexity of deriving inter-
polants for these formulae is linear in the size of the refutation proof, too, which is
also shown in (McMillan, 2004).

In general, for a given clause set {c1, c2, . . . , cn} and a proof of unsatisfiability for
this set, interpolants may be derived for every possible pair of nonempty subsets,
using the same resolution proof. If, however, interpolants are derived for every pair
in the sequence ({c1, . . . , ci}, {ci+1, . . . , cn}), i ∈ {1, . . . , n− 1}, further correlations
(in addition to those mentioned in (5.1), (5.2) and (5.3)) can be identified. Consider
the following example first.

Example 5.2.2 (Deriving interpolants from resolution proof)
Consider the clause set C = {(d ∨ f), (¬b), (b), (¬b ∨ c), (b ∨ ¬f), (¬b ∨ d), (¬d ∨
¬e), (¬d ∨ ¬c ∨ e)} and the proof of unsatisfiability for C as depicted in figure 5.1.
For ease of explanation, the variable used in every single resolution step is also shown
in the figure.

Let

({(d ∨ f), (¬b), (b), (¬b ∨ c)}, {(b ∨ ¬f), (¬b ∨ d), (¬d ∨ ¬e), (¬d ∨ ¬c ∨ e)})
({(d ∨ f), (¬b), (b), (¬b ∨ c), (b ∨ ¬f)}, {(¬b ∨ d), (¬d ∨ ¬e), (¬d ∨ ¬c ∨ e)})
({(d ∨ f), (¬b), (b), (¬b ∨ c), (b ∨ ¬f), (¬b ∨ d)}, {(¬d ∨ ¬e), (¬d ∨ ¬c ∨ e)})

be three possible partitions of the clause set C, denoted by (A1, B1), (A2, B2) and
(A3, B3), respectively. Using definition 5.2.1 and the proof in figure 5.1, interpolants
may be derived for every single pair, which are depicted in figure 5.2. Note that 5.2
mirrors the structure of the proof in figure 5.1, but every node c is tripartite: The
first line represents the formula i(c) for this node for the partition of C defined by
(A1, B1), the second line represents i(c) for (A2, B2) and the third line represents
i(c) for (A3, B3). Note that the formulae have been slightly simplified if possible.

The derivation will be explained for the pair (A1, B1) (first line in every node):

1When working with interpolants, most likely the resolution proof will be obtained from a SAT
solver, so the complexity of finding a resolution proof does not represent a severe constraint.

2Remember the formula representation defined in section 3.3 contains propositional formulae as
well as linear inequalities and equalities. The results of (McMillan, 2004) show that it is indeed
possible to derive interpolants for the formula representation
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Figure 5.1.: Resolution proof of inconsistency
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Figure 5.2.: Derived interpolants for the proof of figure 5.1
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� No local variables exist, as all variables appear in A1 as well as in B1

� For the leaf nodes in A1: According to definition 5.2.1, i(c) = g(c) in case the
node is a leaf and c is a clause from A. As there are no local variables, g(c) = c
for all clauses from A.

� For the leaf nodes in B1: According to definition 5.2.1, i(c) = true if the node
is a leaf and c is a clauses from B.

� As there are no local variables, all other intermediate interpolants are obtained
by conjunction of the preceeding interpolants.

5.3. Expressiveness of Interpolants for Abstraction
Refinement

Remember the intended use of interpolants within the context of this thesis, as
explained in section 1.3: Interpolants come into play if the set of formulae repre-
senting the abstract automaton and the property have been proven to be satisfiable
(a counterexample is found), but the set of formulae containing the concrete formula
representation, the property and the concretized trace together are not satisfiable
(a spurious counterexample is found). In this case, the abstraction obviously is to
coarse and has to be refined.

This section will cover the question how the sequence of interpolants can be used to
identify the cause of unsatisfiability, and what additional information the sequence
reveals, compared to a single interpolant. The expressiveness of the sequence of
interpolants thereby strongly depends on the sequential order of the underlying
formulae. Section 5.3.1 will present a sequential order of the formulae such that
the interpolants reveal a maximum of information, while section 5.3.2 describes the
information obtained from the interpolants.

5.3.1. Sequential Formula Order

As mentioned in the previous sections, an interpolant captures the facts the prover
derived about the prefix, and which are relevant for the inconsistency of prefix and
suffix. But interpolants are not unique, therefor the question arises which “kind”
of interpolants will be the best for usage in model checking, that means which
interpolants reveal a maximum of information?

Consider, for example, the three interpolants true, false and L, with L being a
literal. With regard to section 5.1, they reveal the following information:

� true: Nothing can be said about the prefix, as (5.1) is always fulfilled for the
interpolant true. From (5.2) follows: the suffix is inconsistent. No further
information is revealed about the cause why prefix and suffix (together) are
inconsistent.
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� false: The prefix is inconsistent due to (5.1), but nothing is known about the
suffix, as (5.2) is always fulfilled for the interpolant false. Again, no further
information about the cause of the unsatisfiability is available.

� L: Neither prefix nor suffix are inconsistent on their own ((5.1) and (5.2)), but
the pair is. The cause of the unsatisfiability is the literal L: All valuations
satisfying the prefix also satisfy L (according to (5.1)), and all valuations
satisfying the suffix also satisfy ¬L (according to (5.2)).

With regard to weak and strong interpolants, true is the weakest interpolant out
of the three, while false is the strongest (see also definition 5.1.3). In general, if
false is ignored for the moment, strong interpolants reveal more information, as
the following example shows.

Example 5.3.1 (Weak and Strong Interpolants)
Let ({(a∨c), a}, {¬c,¬a}) be a pair of inconsistent clause sets. Possible interpolants
for this pair are a and (a ∨ c), where a is stronger than (a ∨ c).

From interpolant (a∨ c), it is possible to conclude that either a or c (or both) are
the cause for the unsatisfiability, but interpolant a clearly states that variable a is
the reason why prefix and suffix are unsatisfiable.

This small example might help in understanding why strong interpolants reveal
more information than weak interpolants do. Roughly speaking, this is because
strong interpolants focus on the relevant facts which are needed to prove unsatis-
fiability. Although the strongest possible interpolant (false) does not reveal any
information about the cause of unsatisfiability (as explained above), this interpolant
nevertheless is helpful in the context of timed automata. This will be explained in
section 5.3.2.

According to definition 3.3.11 on page 47, the k-unrolling of an automaton A is
represented by one formula ϕ(A)k only (which is the conjunction of all formulae used
to represent the single components). As the model checking result for this single
formula (either “satisfiable” or “unsatisfiable”) does not help in finding the cause of
inconsistence, the formula is represented by the set of its conjunctive elements (see
remark 2.1.4), that means

ϕ(A)k = {ϕgc(A)0, . . . , ϕgc(A)k, ϕE(A)0, . . . , ϕE(A)k−1, ϕi(A)}.

In this way, interpolants can be derived for pairs of formulae (see remark 5.1.2). Note
that each formula in the set contains variables of at most two consecutive unrolling
depths. Although ϕi(A) still is a conjunction and therefor could be divided in
conjunctive elements, it will be handled as one formula. This is simply because
ϕi(A) does not contain free variables, and therefor will not contribute to cause of
unsatisfiability.

Keeping all this in mind, the sequential order of formulae which will be given to
the SAT solver can be defined.

Definition 5.3.2 (Sequential Order of Formulae)
Let {ϕgc(A)0, . . . , ϕgc(A)k, ϕE(A)0, . . . , ϕE(A)k−1, ϕi(A)} be the set of formulae con-
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taining all conjunctive elements of the k-unrolling of some automaton A. The se-
quential order ψA,kof this set is defined as the sequence

ψA,k=(ϕi(A), ϕgc(A)0, ϕE(A)0, ϕgc(A)1, ϕE(A)1, . . . , ϕgc(A)k−1, ϕE(A)k−1, ϕgc(A)k)

The sequence thus starts with all formulae containing only variables of unrolling
depth 0, followed by the formulae with variables of unrolling depth 0 and 1, followed
by those formulae containing variables of unrolling depth 1 and so on. Note that
consecutive sequential orders (of the same automaton) have identical prefixes, that
means the first 2 ∗ k′ + 2 formulae of ψA,k equal ψA,k′ . This follows directly from
definition 5.3.2.

Although the concretization of a counterexample will be dealt with in detail in
section 6.2, it shall be mentioned here that all formulae being added to the sequence
during the process of concretization preserve the sequential order (with regard to
the unrolling depth).

The sequence of formulae obtained from definition 5.3.2 guarantees to “produce”
quite strong interpolants. This is simply due to the fact that the interpolant contains
only common variables of prefix and suffix, so the number of variables the interpolant
may range over is vastly restricted.

5.3.2. Interpolant Sequences

In the preceding sections, it has been shown that strong interpolants—compared to
weak interpolants for the same pair of formulae—reveal a maximum of information,
and the expressiveness of single interpolants has been discussed. Now the question
remains: What information exactly do sequences of interpolants contain?

For explanatory purposes of the following, let ψA,k = (F1, . . . , Fn) be the se-
quence obtained from definition 5.3.2, let (Fi, Fi+1) be an abbreviation for the pair
({F1, . . . , Fi}, {Fi+1, . . . , Fn}), i ∈ {1, . . . , n}, and let Gi be the interpolant derived
for the pair (Fi, Fi+1). Note that by construction, interpolant Gi will contain vari-
ables of one unrolling depth only (as interpolants refer only to common variables,
see (5.3)).

In (McMillan, 2005a), the author shows for a sequence of formulae (F1, . . . , Fn)
and a sequence of interpolants (G1, . . . , Gn−1) such that Gi is an interpolant for the
pair (Fi, Fi+1) and all interpolants are derived from the same refutation proof, then
“Gi is sufficient to prove the interpolant for (Fi+1, Fi+2)”, that means

|= (Gi ∧ Fi+1)→ Gi+1. (5.4)

In case Gi and Gi+1 are seen as single interpolants, they contain information about
the cause of unsatisfiability of the pair (Fi, Fi+1) and (Fi+1, Fi+2), respectively, as has
been explained above. (5.4) expresses the fact that for a sequence of interpolants,
these causes are not independent but related to each other: The cause of unsatisfi-
ability for the pair (Fi, Fi+1) (which is Gi) in addition with the formula Fi+1 is the
cause of unsatisfiability of the pair (Fi+1, Fi+2) (which is Gi+1).
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As mentioned above, the interpolant false for a pair of formulae does not express
anything apart from the fact that the prefix is unsatisfiable (see (5.1)). However,
this fact can be efficiently used here, as the prefixes of consecutive sequential orders
(as defined in definition 5.3.2) are equal, as explained above.

Suppose the interpolant for some pair (Fi, Fi+1) is false. By definition, the pre-
fix of the interpolant—which is given by the sequence (F1, . . . , Fi)—is inconsistent.
By definition, this sequence (or the sequence (F1, . . . , Fi−1 in case Fi is a formula
representing the transition relation) is equal to ψA,k′ for some k′ ∈ N, and thus ψA,k′

is unsatisfiable.
Note that for Gi = false being the first interpolant false, the interpolants Gj,

j ≥ i are not necessarily false, too. Consider example 5.2.2, where the interpolant
c ∧ d follows the two interpolants false. However, as the prefix already is inconsis-
tent, all interpolants following the first interpolant false may be ignored, as they
do not reveal any new information. Furthermore, in most SAT solvers (including
FOCI), those interpolants are automatically set to false.

In case of unsatisfiability in the concrete case (that means a spurious counterex-
ample has been found), the question arises which parameter(s) from the abstraction
set would have to be refined to rule out this spurious counterexample3? The answer
to this question is quite simple: Let (G1, . . . , Gn−1) be the sequence of interpolants,
let Gj be the last interpolant (last before the first interpolant which is false, or
last in the sequence in case not interpolant false exists) containing one or more
parameters from the abstraction set. These parameters caused the counterexample
to be spurious: As interpolants describe the cause of unsatisfiability, and the param-
eters which are not contained in the abstraction set have already been considered
in the abstract automaton, only one of the parameters contained in Gj as well as
in the abstraction set can be “responsible” for the inconsistency. For this reason,
interpolants containing only parameters which are not contained in the abstraction
may be ignored.

3Note that definitely one of the parameters from the abstraction set must be “responsible”,
as all other parameters are already contained in the abstract automaton. In other words:
The counterexample represents a valid trace in the abstract automaton. Thus, all parameters
from the abstract automaton have been taken into account while building the counterexample.
Therefor, only a parameter not considered before can be responsible for the trace to be a
spurious counterexample. These parameters which have not been considered before are the
parameters from the abstraction set.



6. Refinement

6.1. Overview

In case a counterexample is encountered in the abstract automaton, is has to be
checked whether this counterexample is real or spurious. In the former case, the
property does not hold, as a counterexample has been found, and the abstraction
refinement cycle terminates. In the latter case, the abstraction has to be refined—
based on the reason why the abstract counterexample has been possible—in order to
prevent this erroneous behaviour in further verification steps. While the preceding
chapter described the information interpolants contain, this chapter deals with the
question how to use this information efficiently for refinement.

To refine an abstraction, there are basically two prevalent approaches which
have been widely studied: Counterexample guided abstraction refinement (CEGAR)
(Clarke et al., 2003) and proof-based abstraction refinement (PBAR) (McMillan &
Amla, 2003). In fact, there are some other strategies—like for example probabilis-
tic abstraction refinement (for probabilistic systems (McIver & Morgan, 2004) or
thread-modular abstraction refinement (for concurrent software, (Henzinger et al.,
2003))—but CEGAR and PBAR are the most important two. Both of them are
based on the “refutation relevance principle” (McMillan, 2005b): “Facts used to
refute a class of potential models are considered relevant.”

In counterexample guided abstraction refinement, one spurious abstract coun-
terexample (corresponding to a set of concrete counterexamples, see also section 6.2
below) is ruled out within every refinement step. Thereby, refinement consists in
adding facts (constraints) to the abstraction to rule out the spurious counterexam-
ple actually found. The concretization and refinement step therefor are very easy,
but the number of iterations used to return a result (that means finish the abstrac-
tion refinement cycle) tends to be very large. This is due to the fact that only small
model classes (sets of spurious counterexamples) are ruled out at once. Furthermore,
the counterexample is not necessarily related to the property, that means irrelevant
constraint may be added to the abstraction (which slows down the verification pro-
cess). However, a great advantage of is the fact that the verification can be done
automatically in case the initial abstraction is given.

Proof-based abstraction refinement tries to rule out all counterexamples of a given
length at once. The approach is as follows: Bounded model checking is applied to
the concrete system, for some bound k. In case of unsatisfiability, there exists a
resolution proof expressing the fact that there is no counterexample of length k or
fewer. The constraints used in this proof are considered relevant for the property,
those not used are considered irrelevant (this is just a heuristic!) and are abstracted,
and unbounded model checking is applied to the abstract system. In case a coun-
terexample of length k′ > k (all counterexamples of length k′′ ≤ k already have
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been ruled out) is found, the concrete system is checked again with bound k′. The
main advantage of PBAR is that the number of iterations needed to proof or refute
a property is quite small, especially if only few parameters are relevant. Abstraction
and refinement, on the other hand, require more efforts. Furthermore, the PBAR
approach includes heuristics, in that not all constraints used in the refutation proof
are necessarily relevant, and not all constraint not used in the resolution proof are
necessarily irrelevant.

The next section will cover the question how to concretize a given counterexample
trace, while section 6.3 will explain possible refinement strategies for the formula
representation of timed automata, together with advantages and disadvantages and
some heuristics where to use them.

6.2. Concretization of Counterexample

In case a counterexample trace is encountered in the abstract automaton, it has
to be checked whether this is a real or spurious counterexample. This is done
by concretising the trace. In general, concretising means to try to reproduce the
abstract trace in the concrete system, with appropriate extensions. What exactly
“reproduce” means will become clear in the sequel.

The abstract system is represented by a formula, and a trace of the abstract
system is represented by a satisfying assignment to the variables contained in the
formula (see also remark 3.3.12 on page 48). The trace is thus given by a list of
valuations, one valuation for every parameter of the timed automaton and every
unrolling depth. By definition, all variables of the abstract system are contained
in the concrete system as well, therefor, the satisfying assignment of the abstract
system only is a partial assignment to the concrete system.

Concretization thus means to check whether the partial assignment can be ex-
tended to a satisfying assignment of the concrete system. As there may be several
satisfying assignments for the concrete system, one abstract trace may correspond
to a set of concrete traces. In other words: Concretization consists in finding a
valuation for the unconstrained variables such that all original constraints (given by
the formulae representing the concrete automaton) are satisfied. The simplest way
to do so is to express the valuations as atomic formulae, add them to the formula
representation of the concrete automaton and give it to a SAT solver.

In more detail, this is realised in the following way: Let fk′ = fk′,1∧. . .∧fk′,j be the
conjunction of the atomic formulae fk′,1, . . . , fk′,j representing variable assignments
for unrolling depth k′. Remember the order of formulae explained and defined in
definition 5.3.2. To preserve the property of producing strong interpolants, the
atomic formulae are not simply added to the formula representation, but they are
integrated in the sequence ψA,k: fk′ is placed in the sequence between ϕE(A)k′−1

and ϕgc(A)k′ . The sequence obtained in this way preserves all properties explained
in section 5.3.1.

Note that indirections are not possible at the moment, that means the concrete
trace has to exactly reproduce the abstract trace, without for example adding an
additional state in between two states of the abstract trace.
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6.3. Refining the Abstraction

Refinement comes into play when a counterexample has been identified to be spu-
rious, that means the abstraction obviously is too coarse. The main problem in
automating the refinement step is the fact that refinement—probably apart from
pure CEGAR—always is a kind of heuristic: Trying to find parameters which are
essential to the system in general on the basis of one abstract counterexample (or a
finite set of counterexamples). Moreover, the quality of heuristic used for refinement
might depend on the property to be checked.

For the abstraction by omission, as defined in chapter 4, there are two possibilities
for refinement being considered here:

1. Refine a parameter, that means remove a parameter v ∈ AS from the abstrac-
tion set and add it to the system again. In this way, the abstraction becomes
finer, with the hope that v is a parameter which is essential to the property.

2. Rule out a prefix of the abstract spurious counterexample actually found by
reducing the set of possible traces (version of CEGAR). In this way, a set of
concrete counterexamples is ruled out.

The parameter to be refined when using the first strategy may be identified with
the help of interpolants using the results from section 5.3.2. In case the second strat-
egy shall be applied, it is possible not only to rule out a single counterexample, but
by ruling out a prefix of this counterexample trace, a set of (potential) counterex-
amples is removed. Attention has to be paid not to rule out too much. Regarding
the results of section 5.3.2, the prefix which can be ruled out is determined quite
easy: The prefix ends as soon as the first interpolant false appears.

The main task of refinement thus is to find a heuristic using both strategies and
which provides a good trade-off. If an inadequate heuristic is chosen—for example
using only the second possibility—the abstraction will remain coarse for a long
time: In this case, many spurious counterexamples will be possible, and thus a great
number of iterations will be needed to finish the abstraction refinement cycle. If,
on the other hand, mainly the first possibility is used, the abstraction will become
very fine after a small number of iteration steps (or might even be expanded to the
concrete system in the worst case). In this case, checking the abstract system will
require a great amount of time.

Possible heuristics when to chose the first approach of refining a parameter, and
when to chose the second approach of ruling out a counterexample prefix are:

1. Chose the second approach in case the abstract counterexamples has a “small”
length: This will rule out a great number of concrete counterexamples. The
heuristic in this case is: What exactly does small mean?

Trying this approach in examples, is has emerged that a good heuristic is
to choose prefixes of traces which have at most a third of the length of the
unrolling depth.

2. Chose the second approach a fixed number of times before choosing the first
one. The heuristic in this case clearly is: How often should the first approach
been chosen?
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In combination with the first heuristic, it has been emerged that a good heuris-
tic for this approach is to chose a fourth of the unrolling depth as number of
counterexamples to be ruled out.

3. Produce a fixed number of counterexamples, and rule them out. According
to the first approach above, determine the parameter which is responsible
within every single counterexample. Refine the parameter which appears most
frequently. The heuristic in this case is: How much counterexamples should
be produced before refining a parameter?

A good heuristic in this case is again to chose a tenth of the unrolling depth
as number of counterexamples to be ruled out.

Surely, all these heuristics depend on the unrolling depth itself, the quality may
greatly vary in case the unrolling depth is extremely small (< 10) or large (> 100).



7. Implementation

Within the preceding chapters, the basic principles have been established for a com-
plete, SAT-based abstraction refinement framework. The fundamental results have
been proven, and examples showed some possible applications. This chapter will
present the tool SAAtRe (sat-based verification for abstraction refinement), whose
development made up a big part of this thesis and which represents an implemen-
tation of the aforementioned results.

To begin with, the next section will explain some technical details of the imple-
mentation, some external tools which have been used as well as the software design
of the SAAtRe tool. In sections 7.2 to 7.5, the software architecture, that means
the main packages used to implement the parts of SAAtRe , is explained in detail.

7.1. Overview

The software architecture of SAAtRe directly results from figure 7.1, which is an
expansion of figure 2.5 on page 34 in that it reveals more implementation details. The
difference between the two is that figure 7.1 contains three additional parsers, which
are used to parse the output of FOCI and Uppaal, respectively, and in this way
ease data exchange. The theoretical data flow between the components has already
been described in section 2.7, and is realised in the implementation using the same
concepts. As mentioned in section 1.3, every “boxed” element in figure 1.1 represents
a component which is conceptually different from the other components. Of course,
this is still true for the boxed elements in figure 7.1, as well for the additional parser
components. For this reason, every boxed component is implemented using its own
package.

Note that SAAtRe itself only contains the lower part of figure 7.1, that means
the cyclic component. The upper part (consisting of TA-Parser1 and Representer,
thus representing the interface between Uppaal and SAAtRe ) does not belong to
the SAAtRe tool itself and has not been implemented within the context of this
thesis.

The implementation uses the Java programming language (Gosling et al., 1996),
version 1.4.2. For the internal representation of formulae as object structures in
the SAAtRe implementation, the Orbital library (Platzer, 2005) has been used,
which is also based on Java. Amongst others, this library provides object-oriented
representations for formulae and logic, as well as other concepts (for example the
concept of substitution) needed to be able to efficiently work with these formulae.

1TA-Parser stands for timed automaton parser, that means a parser which is used to parse the
output of Uppaal for the representer to be able to convert it to the internal format of SAAtRe
.
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While most of the components are implemented “from scratch”, the tool ANTLR
(ANTLR, 2005) has been used for parser generation. Given a grammatical de-
scription (which may contain Java code), ANTLR (ANother Tool for Language
Recognition) is able to construct a parser, a recognizer or a translator from this
grammar.

For ease of compilation, the ant tool (ant, 2005) has been used which is a Java-
based build tool. The difference to other build tools (as for example make) is that
ant is not shell-based but uses an xml-based configuration file to call different tar-
gets, where each target may execute several tasks. One task thereby performs one
predefined action (for example Javadoc) on all sources specified in the build file
(for example all Java files in the home directory).

For simplicity, the input language of SAAtRe is geared to the FOCI prefix nota-
tion, as FOCI is used for checking the concrete system (see figure 7.1), that means
for generating interpolants in case of unsatisfiability. A grammar describing this
input language can be found in appendix A.2. The input thereby is divided in four
parts, according to the conceptual seperation presented in chapterrepresentation :
The ’INIT’ part, with INIT being a special token, contains the representation of the
inital constraints, while the ’MUTEX’, ’TRANS’ and ’TARGET’ part contain the
representation of the mutual exclusion constraint, the transition relations and the
property, respectively, with MUTEX, TRANS and TARGET being special tokens.
Note that with regard to further improvements of the representation, the INIT and
MUTEX part are considered to be optional.

7.2. Abstracteur

The package software.abstracteur contains a class Abstracteur.java which con-
tains a method alpha performing the abstraction. The abstraction implemented in
the SAAtRe tools works exactly like the improved abstraction by omission defined
in definition 4.2.12. As the abstraction by omission, alpha only works for omissible
parameters.

7.3. Unroller

The package software.unroller contains a class Unroller.java performing the
unrolling of formulae exactly as defined in definition 3.3.11. That means: The
represenation of the initial constraints is not unrolled, while—for unrolling depth k—
the mutual exclusion constraint is unrolled to depth k, while the transition relation
is unrolled to depth k − 1.

7.4. Parser

As mentioned above, the parser have been implemented using the parser genera-
tor ANTLR. They are contained in the packages software.interpol parser and
software.valuation parser.
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7.5. Refiner

The Refiner contained in package software.refiner implements the heuristics de-
fined in section 6.3.



8. Conclusion

Although the theory of abstraction refinement has been widely studied, and many
different approaches have been investigated during the last years, there is still a lot
of research to do.

Within the context of this thesis, a SAT-based approach to abstraction refinement
has been motivated, explained, defined and proven.

The formula representation defined in chapter 3 is defined in a very general way,
using only Boolean and rational variables. Thus, adopting this representation to
other automaton and synchronisation models is quite easy. Nevertheless, the rep-
resentation is sufficiently precise to allow exact representation of all components of
timed automata, which has been proven.

The abstraction function defined in chapter 4 has been defined on omissible pa-
rameters and has been shown to be correct for this purpos. Abstraction from states
or from whole automata has not yet been realised, but with the theoretical ba-
sis provided in chapter 4, it will be possible to define an abstraction function for
parameters other than omissible ones.

In chapter 5, the expressiveness of Craig interpolants has been discussed with
regard to formula sequences the interpolants are obtained from as well as with regard
to abstraction refinement the interpolants are used for. The results of these chapters
has been picked up in chapter 6 to define several heuristics to refine the abstraction.

Although many new approaches and ideas have been developed, defined and
proven in this thesis, many possible approaches could not be realised. Among these
are:

At the moment, refinement is mainly based on the first false interpolant, ex-
pressing that the prefix is inconsistent. It is also possible to derive information from
the last true interpolant which expresses the fact that the suffix is inconsistent.
With regard to the formula representation and the order defined in definition 5.3.2,
false interpolants are more desirable, as they rule out the beginning of an abstract
spurious counterexample trace. Nevertheless, in case true interpolants will appear,
it should be possible in future work to derive additional information from them. Par-
tially based on these result obtained from true interpolants, it should be possible
to develop new (and possibly better) heuristics for refinement.

With regard to the properties SAAtRe is able to verified, future version should
offer the possibility to work with full CTL, as is already realised in predicate ab-
straction based approaches.

As the Representer has not been implemented yet, but instead all examples have
been produced manually, this is of course a task which has to be done in the future.

State variables are encoded using one Boolean variable per state, see definition
3.3.2. As it is also possible to use logarithmic encoding, this is an intersting point
to start from comparing efficienty.
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Concluding, abstraction refinement using SAT-based approaches is a new aspect
of a widely-studied field which itself has not yet been studied in detail. For this
reason, a lot of theoretical basics have to be defined when working on a framework
using a SAT-based principle. But as soon as these theoretical basis will be fully
defined, new results and approaches will quickly evolve.



A. Appendix

A.1. Preliminaries

A.1.1. De Morgan’s Rules

De Morgan’s rules describe the possibility to replace a conjunction with a discunc-
tion, and vice versa, while preserving semantics. For p, q being propositional vari-
ables, the rules are

¬(p ∧ q) = ¬p ∨ ¬q
¬(p ∨ q) = ¬p ∧ ¬q

A.1.2. Conversion to Negation Normal Form (NNF)

A formula is defined to be in negation normal form (NNF) if negations appear only
in front of literals. For a formula F built with definitions 2.1.1 and 2.1.2, the NNF
of F is obtained by applying function NNF to F , which is defined inductively on
the structure of F . Let l be a literal, let F, F1, F2 be formulae.

NNF (l) = l

NNF (¬¬F ) = F

NNF (¬(F1 ∧ F2)) = NNF (¬F1 ∨ ¬F2)

NNF (¬(F1 ∨ F2)) = NNF (¬F1 ∧ ¬F2)

NNF (F1 ∧ F2) = NNF (F1) ∧NNF (F2)

NNF (F1 ∨ F2) = NNF (F1) ∨NNF (F2)

Thus, through repeated application of de Morgan’s rules and elimination of double
negation, every formula can be converted into a semantically equivalent formula in
negation normal form.

A.1.3. Conversion to Conjunctive Normal Form (CNF)

A formula is defined to be in conjunctive normal form (CNF) if it is a conjunction of
disjunctions of literals (see definition 2.1.3). For a formula F built with definitions
2.1.1 and 2.1.2, the CNF of F is obtained by first applying function NNF to F
to obtain the negation normal form (as defined in A.1.2 above), and afterwards
applying function CNF to F , which is defined inductively on the structure of F .
Let l be a literal, let F, F1, F2 be formulae.
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CNF (l) = l

CNF (F ∨ (F1 ∧ F2)) = CNF (F ∨ F1) ∧ CNF (F ∨ F2)

CNF ((F1 ∧ F2) ∨ F ) = CNF (F1 ∨ F ) ∧ CNF (F2 ∨ F )

CNF (F ) preserves the semantics of F , thus, every formula can be converted to a
semantically equivalent formula in conjunctive normal form.

A.1.4. Conversion to Disjunctive Normal Form (DNF)

A formula is defined to be in disjunctive normal form (DNF) if it is a disjunction of
conjunctions of literals (see definition 2.1.3). For a formula F built with definitions
2.1.1 and 2.1.2, the DNF of F is obtained by first applying function NNF to F
to obtain the negation normal form (as defined in A.1.2 above), and afterwards
applying function DNF to F , which is defined inductively on the structure of F .
Let l be a literal, let F, F1, F2 be formulae.

DNF (l) = l

DNF (F ∧ (F1 ∨ F2)) = DNF (F ∧ F1) ∨DNF (F ∧ F2)

DNF ((F1 ∨ F2) ∧ F ) = DNF (F1 ∧ F ) ∨DNF (F2 ∧ F )

DNF (F ) preserves the semantics of F , thus, every formula can be converted to
a semantically equivalent formula in disjunctive normal form.
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A.2. Input Language of SAAtRe Tool

saatreinputfile → (INIT formlist)? (MUTEX formlist)?
TRANS formlist TARGET formlist

formlist → defformula ’;’ (defformula ’;’)*
defformula → relformula

| logicformula
| constformula
| atomicformula
| ’(’ defformula ’)’

relformula → ’=’ defterm defterm
| ’<′′=’ defterm defterm
| ’>′′=′ defterm defterm
| ’>’ defterm defterm
| ’<’ defterm defterm

logicformula → ’−′′ >’ defformula defformula
| ’<′′ −′′ >’ defformula defformula
| ’&’ defformula defformula
| ’‖’ defformula defformula
| ¬ defformula

constformula → TRUE
| FALSE

atomicformula → VAR
| TIMEVAR

defterm → atomicterm
| arithterm
| ’(’ defterm ’)’

arithterm → ’+’ ’[’ defterm (defterm)* ’]’
| ’*’ NUMBER defterm
| ’-’ ’[’ defterm (defterm)* ’]’

atomicterm → VAR
| TIMEVAR
| NUMBER
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TraceA (set of traces), see timed au-
tomaton

TraceA,k (set of finite traces), see timed
automaton

⊕ (coproduct), 10
|=, 12
ν (valuation), 20
ψA,k (sequential order), 88
ν|X , 20
ϕ(A), 47
ϕ(A) (formula representation), 47
ϕE(A) (formula representation of tran-

sition relation), 46
ϕi(A) (formula representation of ini-

tial conditions), 46
ϕgc(A) (formula representation of mu-

tual state exclusion), 47
ea((s, ϕ, Y, s

′)) (formula representation
of action transitions), 45

ed(s) (formula representation of delay
transitions), 46

A (timed automaton), 19
S, 23, see labelled transition system

A?! (action set), 19
absolute time reference, 44
abstraction

by omission, 67
conservative, 65
over-approximation, 65
predicate, 2
under-approximation, 65

abstraction set, 66
action, 19
action set, 19
action transition, 23, 45
application, 11

axiom, 13

BCP(boolean constraint propagation),
16

behaviour
observable, 24

binding, 11
B, 12
boolean constraint propagation, 16

calculus, 13
calculus proof, 13

conclusion, 14
tree representation, 14

CEGAR (Counterexample guided ab-
straction refinement), 91

channel, 19
underlying, 19

clause, 8
empty clause, 8

clock constraints, 18
clock constraints, see also timed au-

tomaton
clocks, 17

absolute time reference, 44
modification, 21
timeshift, 21
valuation, 20

CNF (conjunctive normal form), 8
commuting

partially, 77
composition, 10
concretization of counterexample, 92
configuration, 23
conjunctive normal form, 8
convex, 18
coproduct
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of mappings, 10
of timed automata, 27

correctness, see also timed automaton
of abstraction by omission, 71
of formula representation, 58

corresponding interpretation, 52
corresponding signature, 13
corresponding trace, 54
counterexample

concretization, 92
spurious, 3

counterexample guided abstraction re-
finement, 91

craig interpolant, 83

delay transition, 23, 46
time-additivity, 24

disjunctive normal form, 8
DNF (conjunctive normal form), 101
DNF (disjunctive normal form), 8, 102

empty clause, 8
encoding

of timed automata, 43
of variables, 35

Boolean, 36
enumeration, 36
integer, 37
rational, 38
real, 38

enumeration type, 35
equisatisfiabiliy

for rational and real numbers, 39
event, 19

F(P ,V)cnf (set of formulae in cnf), 8
F(P ,V)cnf (set of formulae in nnf), 8
F(P ,V)dnf (set of formulae in dnf), 8
F(P ,V) (set of formulae), 7
FM (Fourier-Motzkin transformation),

39
FOCI, 16
formula

atomic, 8
clause, 8
empty clause, 8
literal, 8

propositional, 8
semantics, 12
syntax, 7

formula representation, 35
of action transitions, 45
of delay transitions, 46
of initial conditions, 46
of mutual state exclusion, 47
of transition relation, 46

Fourier-Motzkin transformation, 39

guard, 18, 18, see clock constraints

heuristic local search, 16

id, 10
indirection, 69
Int(V) (interpretation), 12
integer division, 37
interpolant, 83

deriving from proof, 84
intermediate, 84
prefix, 83
strongest, 83
suffix, 83
weakest, 83

interpretation, 12
coproduct, 10
corresponding, 52
model, 13
truth-value, 12
variable assignment, 12

invariant, 18
convex, 21

label, 23, 24
labelled transition system, see transi-

tion system
literal, 8
local search, 16
logical structure, 74
LTS, see labelled transition system

mapping, 10
composition, 10
coproduct, 10
identity, 10

model, 13
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model checking, 1
bounded model checking, 2
explicite state model checking, 2
state explosion problem, 2
symbolic model checking, 2

modification, 21

negation normal form, 40
NNF (negation normal form), 101
non-zenoness, 23

observable behaviour, 24
omissible parameter, 82
over-approximation, 65, 83

parameter
omissible, 82

PBAR (proof-based abstraction refine-
ment), 91

predicate abstraction, 2
proof-based abstraction refinement, 91
proposition, 7

real-time sequence, 22
refinement, 93

overview, 91
resolution

resolution calculus, 14
resolution rule, 15
resolvent, 15

resolvent, 15
run, 24

SAT, 15
satisfiability, 13
sequential order, 88
Σ(S) (corresponding signature), 13
spurious counterexample, 3
state explosion problem, 2, 3
substitution, 10

application, 11
binding, 11
composition, 11

synchronisation, 32

T (V) (set of terms), 7
TA (set of timed automata), 19
term

semantics, 12
syntax, 7

Time, 17
time-additivity, 24

minimal with respect to, 26
timed automaton, 19

TraceA, 24
TraceA,k, 24
clock constraints, 18
configuration, 23
constraint representation, 47
finite trace, 24
formula representation, 47
guard, 18
invariant, 19
region, 2
run, 24
semantics, 23
set of traces, 24
syntax, 19
trace, 24

timeshift, 21
trace, 24

corresponding, 54
finite, 24
indirection, 69
of length k, 24

transition
action transition, 23, 45
delay transition, 23, 46

transition system
syntax, 23

under-approximation, 65
underlying channel, 19
unrolling, 2
unsatisfiability, 13
Uppaal

communication strategy, 32

validity, 13
valuation, 20

restriction, 20
V ar(F ) (set of variables), 8
V ar(T ) (set of variables), 7
visible action, 19
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